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 �� �� ���� 	�� � ��� �� � �� ��� ���������� � ��	 	 ��� ����� �� ���� 	� � ��������� � ��� ��	
 �� ����� ���
�� ��� ��	���� ��� �� ��� ���������� ��� �
 �	 	 �� � �
�� ��������� �� �� ��� � 	���	� �� ��� �� ���� ��� ��� ����
�� ��� ���	��� �� ���� �� ��� �� � ���� ��� ������ ��� �� �	�� � � ������ �� �� � ������� ������ � ��� �� �� � �
�
� �������� �� �� ����� �� �	���� �� �� �� ������ �� !� ��� �"� �������� � �
 �� ��������� �� ���� 	�# �� �� ���
����������� �� �� � � ��	 	 $� ��� ����� %�

�� ��� ����& � � ��� ����� ������� � ��� �� �� � � � ��' ��	�� ��� �� ����� ����	���� � ���� � (�� ��� ���
� �� ��� ���
� ���� �� �� �� ��� �� � � ��� ����
 � �� ���) �	��� � �� �� ��� � � ��� � �� � ���� ��� ������ �� � *� �
���) �	��� � �� ���� �� � 	��
� ���� ��� � ���� ��� ������ �� �� �� � �	� � ��� ����	 	�� ��� � ���� �	���� ��� � �� �� �
���) �� ��� � �� ��� � *� � ���� 	��� ���) �	��� �� ���	� � ��� � ��� ����� �� �� �� ��� ��+ ��� �� � ������ 	�# ������
�� �� ����� ��� �� ���� �	���� � �� ���� �� � ��������	 � ��� ����
 � �� ���	��� �� ������������ �� � ��� ���� 	�"
��������

*� � !������� ��� �' ����� ������ �� �� �� �	 	�� �� �� � ���� ��� ���� � �� ������������ � ��� �����
���� �� �� �� � �� ���& �� �	 	 �� �� � � ���� ��� ������ �� ���������� � ��� � � ������	�� ���� �� �� ������� !� �� � ,-��
������� � � ��� . ����# ��	� /������� �	������� ��� � �� ��� � ��� �����	�� 
��� 	�� � �� �� �� ��� ������ � �� ��

��� 	�� � � ��� �� !������� ������ ��� /���
 	� ����������� �� � �����	� � ��� ��� ���) �	��� ���	� � ��� ����
������ *� � ������ � �� ���	��� ��� � ��� ����
 �� ������������ �� � ��� ����� �� ���� 	� � � ��� �' ����� ���
�� �� ��
 �� � 0 ���� ��� �� �� �� �' ����� ��� �� �������� �����	� � 0 ��� ����� � ����� �� � ������������ ��
���) �	��� � � �" �� � ��� �  ��� ���� �� ���������� � �� ��� �� � ��������� � �� 	�� �1	�� 	������ ��� ������� �� �
� �� �� 	������ � ���� �� �� �� �����" �� ��������� �� �� 	�� �� ��������� ��� ��� ��� �� � � ��� ���� 	� ��	� ��
��� !������ �� �� � �� ������� �� � � ������ �� ����� ���� � ��� � ��� ����� ����� �� ��� ���) �	��� �  ��� ��
� ��� ����� � ��� ����� �� ����	� ��� 
��� 	�� � �� ��� ���� �� �

2 �� �� �� ������� � �� �� �� 	���� ��� ���� � � ��� ��� �	� ����� ��� 3 �� # �� � ���	�� 1����� 	������ �� ��
�� � ���	 � �� ��� ������ �� � ��� ��� ����� � � ���� �� ��	 � � � ������	�� � ���	�� � ��� ���� � � ��� ��� �	� ������
4������1� ������ ��/����� � � ����� �� �� � �� ����� �� � ���
 ��� 	���� �	 	 �� � ���) ���� ��� �� � # ��� ��� 	���
� � �� � �� ��� �� ����	� � �	����� �� ������ �� �� � � ��� �� ���� 5������ � ��� � ���	�� 1����� 	������ ��/�����
� � �����	� ������� � �� �� � � ��� 6� 
��� � �� ������� � �� �� � � ��� 6� 
��� ���� � ����	 �� � �� � !� � � ��� � ����
�� ���� ������ � ������ �� �� �� � � ��� �� ��
 �� ����� �� �� � � � � � ��  �� � �� ��� ������������ � !� �� ���
���  �� � �� �� � � ������� �� �� ��� 	������ �� ��������� � !� � � ����	� ������& � �� �� � � ��� 6� 
��� �� �� �� ��
�� ����� �� ��	 � � ��� � ���	�� � � � /���
 	� ���	�& � �� �  �� � �� ��� ���	� � �� ��	 �� �� �� � ������	�� � ���	�� �7
��� ��� ����� � ��� �� �� � �� ��� ��� ���� �� � � ��� ����� �� ������ �� �� �� �� ��� ��� ��� ��/���� ����� ���

��� 	�� � �� ��	 � � � ���	�� �� ��������� ��� ��� ����� �� � ��� ����� �� ����� �� � ������ �� �� ��� ������ �� 8
� ���	�� 1����� 	������ � !����� ��1������ �� ��� !����� ��1� �� ��� �

2 ��� � � � ������ � ��� ����� 9�� ������	 ������ ��: � ��/����� � �� �� � � ��� ;< 1 = > ������ �� �� � � � � ���	������
���
 �� ����� ��� �� � ��� ������� � � ��� ���	� � �� ������������� �� ��� �� ��� �� ������� � !� ��������� � �
� ������ ��� � 2 ��*� ��� ���� �� �� �� ������� ��� �� ���	� � � # ��  �������	 	� ���� � 	8 ���� � � �� � ���	�� �
"� ���� � �� ���� 	���� ����� � � � �� ��	 	������� �	� �� �	�� �� � ����� ��� �� ��� �� ���� *� � �����	��� �� �� �
�� $� ��� ����� % �� �� � � �� �� 	������ ���� �� � ��� �� � ������ ��� �	� ���� �� ���� 	� ��� � �� ��� � 	 ������ �� �
5 ��� 	� ������ �� ����	 	� ����� � ��� ���� 	� /�������� ��� ���� 	� /�������� � ��� �� ��� ����� � ��� �� �	����
�� �� � ��� ���	�� � ? ��� �� � ��� �� �� � � ��� �� �	 	�� �� ���� ����� � �� �� �� ���	�� �� �� ������� �� �� � � �� ��
	���� �� �� ���� ��
 �� �� �	���� 	� ���� 	� /�������� �

@ABCB DEC BFEGHIDCJ KHLB ID JDMLB IKB NCDOMBP DQ KDR ID IBJI DEC NCDOMBP JDML STU JVSMMJ STJIBHF DQ DEC JVSMM ST P BPDCSWSTU X
YKSJ SJ H IDNSG QDC HTDIKBC NHNBC X
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@YKB JSNKDT SJ EJBF ID QHGSMSIHIB IKB JTHSM qJ OCBHIKSTU X r KBT

HNMs JSH OCBHIKBJ t RHIBC SJ FCHRT HGCDJJ IKB USMM QCDP IKB QCDTI
HTF Bu SIJ IKCDEUK IKB JSNKDT X YKB JSNKDT SJ EJEHMMs DEIJSFB DQ
IKB JTHSM qJ JKBMM DC P HTIMB X ADRBLBC t RKBT UBTIMs IDEGKBF t IKB
JTHSM R SMM R SIKFCHR HTF NCDIBGI SIJ JSNKDT QDC H JKDCI N BCSDF DQ
ISP B X vQ IK SJ IDEGK SJ NCBGBFBF Os HT BMBGICSG JKD GV ID IKB IHSM t
IKB JTHSM R SMM R SIKFCHR SIJ JSNKDT QDC H MDTUBC N BCSDF DQ ISP B X
YKB JTHSM R SMM GDTISTEB ID KHLB IKSJ BuHUBCHIBF CBJN DTJB QDC EN
ID H FHs QDMMDR STU IKB JKD GV t HTF IKEJ t SJ HT BuHPNMB DQ JKDCI
IBCP PBPDCsX w EMISN MB JKD GVJ USLBT DLBC PEMISN MB FHs J GHEJB
IKSJ BuHUBCHIBF CBJN DTJB ID O BGDP B BLBT PDCB BuHUBCHIBF HTF
CBIHSTBF QDC PEGK MDTUBC X xLBT HQIBC H RBBV JSTGB IKB BMBGy
ICSG JKDGVJ t IKB JTHSM R SMM GDTISTEB ID BuKSOSI IKB BuHUBCHIBF
O BKHL SDC t HTF IKSJ SJ HT BuHPNMB DQ MDTU IBCP PBPDCsX
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�rB HCB HJJEP STU GHMGSEP t �H t SJ IKB HUBTI CBJNDTJSO MB QDC

JKDCI IBCP PBPDCs OBGHEJB SI SJ NCDOHOMs GCSI SGHM QDC TBECDy
ICHTJP SIIBC CBMBHJB CB	ESCBF ID JSUTHM HF
 HGBTI TBECDTJ X w DCB
STICHGBEMMEHC �H RDEMF ICSUUBC HT STGCBHJB ST IKB CBMBHJB DQ
NCByJsTHNISG TBECDICHTJP SIIBC RKSGK RDEMF IKBT HGISLHIB PDCB
NDJIyJsTHNISG CBGBNIDCJ t USL STU H MHCUBC N DJI JsTHNISG CBJNDTJB X

�� OCSBQ NCSP BC ST BMBGICDNKsJSDMDUs  � �� ����� � ��������
SJ IKB CBJEMI DQ H FS�BCBTGB ST IKB CBMHISLB GDTGBTICHISDTJ DQ
NDJSISLBMs HTF TBUSISLBMs GKHCUBF NHCISGMBJ DT DNNDJSIB JSFBJ DQ
H GBMM qJ NMHJP H PBPOCHTB X �BMMJ IKHI KHLB IKB HOSMSIs ID P HSTy
IHST HT H ICHTJP BPOCHTB UCHFSBTI ST GKHCUBF SDTJ �HTF IKEJ
UBTBCHIB H P BPOCHTB NDIBTISHMJ� HTF GHT CHNSFMs GKHTUB IKBSC
P BPOCHTB NDIBTISHM QDMMDR STU H JENCHIKCBJKDMF JISPEMHISDT HCB
GHMMBF �� ������� ��� ��X

�T BuGSIHOMB GBMM SJ BSIKBC ST IKB CBJI JIHIB RKBCB IKB ICHTJy
PBPOCHTB NDIBTISHM SJ y ! ID y"! P# DC ST IKB BuGSIBF JIHIB
RKBCB IKB ICHTJP BPOCHTB NDIBTISHM GHT OBGDP B HJ MHCUB HJ
$%! P# QDC H QBR P SMMSJBGDTFJ X YKB BMBGICSGHM CBJN DTJB ID
JENCHIKCBJKDMF JISPEMHISDT SJ GHMMBF HT HGISDT NDIBTISHM �JBB
& SUECB ''� HTF SJ GHEJBF Os IKB CHNSF ST(Eu DQ H $ GKHCUB GHCy
CSBC �BSIKBC ) H DC �H� X YKB CBJIDCHISDT DQ IKB GKHCUB OHMHTGB
SJ HGGDPNMSJKBF Os H JMDRBC B* Eu DQ H $ GKHCUB GHCCSBC �+ �
QCDP IKB STICHGBMMEMHC (ESF X ADRBLBC t IKB GKHCUB CBFSJICSOEIEy
SDT HMDTB SJ STJE, GSBTI ID VBBN IKB GBMM KBHMIKsX

YKB GKHCUB GHCCSBCJ PEJI HMJD O B CBFSJICSOEIBF y RKSGK SJ H
CBUEMHIDCs NCD GBJJ IKHI IHVBJ NMHGB ST IKB OHGVUCDETF DQ GBMy
ME MHC HGISL SIs X -BGHEJB GKHCUB (DR FECSTU IKB HGISDT NDIBTISHM
SJ FDRT GDTGBTICHISDT UCHFSBTIJ t SI SJ NKsJSGHMMs SP NDJJSOMB ID
CBJIDCB IKB GKHCUB GHCCSBCJ R SIKDEI ����.� �����/��� EN IKB GDTy
GBTICHISDT UCHFSBTI Os HGISLBMs BuGKHTUSTU SDTJ O BIRBBT IKB
BuICHGBMME MHC HTF STICHGBMME MHC (ESFJ X YKB ) Hy+ ICHTJN DCIBC SJ
HT BuHPNMB DQ HT HGISLB ICHTJNDCIBC IKHI BuGKHTUBJ BuICHGBMy
ME MHC + QDC STICHGBMME MHC ) H X
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The slope of this line is df/dx (x=a)

f(x) = f(a) + df/dx | x=a (x - a) + ...
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I(membrane)

I(diffusive)
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Computed Action Potential: Hodgkin Huxley Model

V (membrane potential)

m (Na activation)
n (K activation)

h, (Na inactivation)

[)+5 $ ` 3� 30 f �DPNEIBF J	ESF HGISDT NDIBTISHM HTF UHISTU
LHCSHOMBJ X

8-)#$ ,-$ "#5$ .5 ($ )'  )+-, !* ,-$ %!*$23 ])% )#0 #2<,-$ ')*+#$ 0.,)(0,)!* +0,$ !($ $',)% 0,$' ,-$ 7 $06 !/,-$ .5 ($ 3 ]5.- .!*')',$*, !($ $',)% 0,)!* )' ,27).0##2*!, 15$ ,! *!)'$ < "5, 8!5#1 '5++$', ,-0, '!% $,- )*+)' % )'')*+ / !% ,-$ %!1$# 3 b* ,-$ � &� 102' !/ 1$'6&,!7 .0#.5 #0,! ' < % 0*2 =7 !"0"#2 )*.#51)*+ % $> 8!5#1-0($ "$$* -0772 ,! +$, +$*$ 0# 0+ $$% $*, " $,8$$*!"'$ ($1 .5  $*,' 0*1 %!1$# .5  $*,' 0' '-!8* "2,-$  $1 #)*$ < "5, *!, �!1+6)* 0*1 �5D#$23 C-$2 %5',-0($  $0#);$1 ,-0, ,-$ $ 80' '!% $,-)*+ *!, 45),$  )+-,0*1  $1)1 ,-$) 0*0#2')' /! 0 � +0,$ 7 ! .$'' /! ,-$
�0 .-0**$# 0*1 0 0 +0,$ 7 !.$''$' /! ,-$ m .-0**$# 3

C-$ E ', -)*, ,-0, ,-$ ,-$! 2 1$($#!7$1 "2 � &�80' .!  $., .0% $ 0"!5, �� 2$0 ' #0,$ 8-$* ,-$ �0

.-0**$# 80' .#!*$1 0*1 '$45$*.$1 "2 �!% 0 0*1 .!#&#$0+5$' )* �070* 3 C-$2 !"'$ ($1 0 '5"5*),' < $0.-8 ),- � %$%" 0*$ '70**)*+ .!%7!*$*,' 0*1 0 7$ &/$., 0  0*+$% $*, /! 0 -$#).0# +0,$ 3 �� 2$0 ' #0,$ <
2 02 ?0.m )**!* 0*1 .!##$0+5$' % 0*0+$1 ,! . 2',0#&#);$ m .-0**$#' 0*1 /!5*1 /!5 7011#$' ,-0, 0.,$1 0'(!#,0+$' '$*'! ' /! ,-$ +0,)*+ 7 ! .$'' 3

F �� R � �LP j NN��� �S H����X H��
j XX�S N����X

: -$* b  5* 0* $D7$ )% $*, < b -0($ ,8! ,27$' !/ %!1&$#'  5**)*+ 0 !5*1 )* ,-$ "0.6 !/ %2 -$01 3 e*$ )' 0%!1$# !/ ,-$ 5*1$ #2)*+ 7 !.$'' ,-0, b 0% ',512)*+ <% $.-0*)'% ' !/ )!* .-0**$# "#! .601$ 3 C-)' %!1$# )' 07 )$.$ !/ .06$ 3 b % 06$ %$0'5 $% $*,' < ,-$* E, ,-$ % $0&'5 $% $*,' ,! ,-$ (0#5$' 7 $1).,$1 "2 ,-$ 5*1$ #2)*+7-2').0# % !1$# !/ )!* .-0**$# " #! .601$ 3g5, 0#'! 0* )%7#).), % !1$# )'  5**)*+ 0 !5*1 )* ,-$"0.6 !/ %2 -$01 3 �* )%7#).), % !1$# ,-0,  $h$., 10,0% 0*)75#0,)!*' b 1! )* ! 1$ ,! '0#(0+$  $'5 #,' / !%0* $D7$ )% $*, < ,-0, /! 8-0,$($  $0'!* < )' *!, ',0&" #$ 3 [! $D0%7#$ < ), )' 8$## 6*!8* ,-0, )* 8-!#$ .$##(!#,0+$ .#0%7 ',51)$' < ,-$ 7 $70 0,)!* A 5*' 1!8*A!($ ,-$ .!5 '$ !/ ,-$ ',5123 g2 ,-)' b % $0* ,-0,)/ 2!5 1! *!,-)*+ $D.$7, % 06$ 0 % $0'5 $%$*, =7$06
� 0 .5  $*,> < $($ 2 % )*5,$ /! `� % )*5,$' < ,-$  $'5 #,'8 )## '-!8 0 + 0150#  $15.,)!* !/ 7 $06 � 0 .5  $*, &7 $ -07' 0' %5.- 0' a� & `� 7$ .$*, < '!% $,)% $' $($*#0 +$ 3
� �� �� ��� �� !"#$%"&$�' ("' ()"'*+

,�- .�/+#
: -$* 0* $D7$ )% $*,0#)', -0($  5*1!8* )* 0 7 $70 0&,)!* < ,-$ , 01),)!*0# 0*0#2')' ', 0,$+2 )' ,! A*! % 0#&);$A ,-$ 10,0 & ) 3$ 3 ,! % 06$ 0 % $0'5 $% $*, < 077#2 ,-$)*,$ ($*,)!* ='57$ /5')*+ ,-$ .$## 8 ),- 0 1 5+> 0*1 1)&()1$ ! '5", 0., =1$7$*1)*+ !* ,-$ '),50,)!* > ,-$ E ',A.!*, !#A  $'5#, / !% $0.- !/ ,-$ %$0'5 $% $*,' % 01$15 )*+ ,-$ )*,$ ($*,)!* 3 C-$* ,-$ *$D, )*,$ ($*,)!*8!5#1 "$ ,! 80'- !5, ,-$ 1 5+ "2 '57$ /5 ')*+ 8 ),- 01 5+&/ $$ '!#5,)!* 3 b/ ,-$ $ -0' "$$* #),,#$  5*1!8* <,-$* ,-$ 7 $06 � 0 .5  $*, 0/,$ 80'-!5, 8 )## " $ ')% )#0 ,! ,-0, " $/! $ ,-$ 1 5+ 80' 077#)$1 3 C-)' < -!8$($ )' 0 $#2 ,-$ .0'$ 3: ),- *! % 0#);0,)!* < 8$ 0 $ )%7!')*+ 0 %!1$# !*,-$ 10,0 3 :$ 0 $ 0''5% )*+ ,-0, ,-$ .-0*+$' )* !5 % $0'5 $% $*,' 0 $ 15$ !*#2 ,!  5*1!8* ! ,-$ )*,$ &($*,)!* 0*1 *!,-)*+ $#'$ 3 e/,$* ,-)' )' ,-$ .0'$ < "5,

a0



,-$ $ 0 $ '),50,)!*' 8-$ $ ,- )' )' *!, ,-$ .0'$ 3^!*')1$ ,-$ ',512 !/ #)1! .0)*$ "#! .6 !/ .0 1)0.
�0 .-0**$#' 3 b, )' 8$## 6*!8* ,-0, ,-$ / 0.,)!* !/"#! .6$1 .-0**$#' .-0*+$' 8 ),- ,-$ , 0*'%$%" 0*$7!,$*,)0# !/ ,-$ .$## 3 �27$ 7!#0 );$1 .$##' $D7 $ )$*.$#),,#$ " #! .6 8-$ $0' 1$7!#0 );$1 .$##' $D7$ )$*.$ ')+&*)E.0*, "#! .6 3 �!8 8$ ',512 ,-$ (!#,0+$ 1$7$*1$*.$!/ #)1! .0)*$ " #! .6 3 :$ %06$ 0 .!*, !# % $0'5 % $*, <077#2 ,-$ 1 5+ < % 06$ % $0'5 $ ,-$ / 0.,)!* !/ "#! .6$1.-0**$#' 0''! .)0,$1 8 ),- $0.- 75#'$ !/ 0 , 0)* !/ 1$&7!#0 );)*+ 75#'$' 3 C-$* 8$ 1$7!#0 );$ ,-$ -!#1)*+ 7!&,$*,)0# < 0*1  $7$0, ,- )' 7 !,! .!# f .!*, !# 75#'$ < , 0)*!/ 75#'$' 3

�
� �� �� �   -! $'* �  +-/���&+"/���&"&+
� #'! 6*!8* 0' �50')&],$012&],0,$ < ,-)' 0''5%7,)!*0##!8 ' 2!5 ,! %!1$# 0 '% 0## 7 ! ,)!* !/ 0* $D, $% $#2.!%7#$D '2',$% 3 ])%7#2 75, < 8 ),-!5, ,-)' 0''5%7&,)!* %0*2 %!1$#' 8!5#1 *!, $D )', 0*1 ), 0##!8 ' 5' ,!8! 6 8 ),- 0 '2',$% ,-0, -0' "!,- /0', 0*1 '#!8  $0.&,)!*' 3 b/ 2!5 0 $ )*,$ $',$1 )* ,-$ 7! ,)!* !/ ,-$ %!1$#,-0, .!*,0)*' ,-$ '#!8 < !  0,$ #)% ),)*+  $0.,)!*' < 2!5.0* ='!% $,)% $'> 0''5%$ ,-0, ,-$ /0',  $0.,)!*' 0 $ )*0 ',0,$ !/ 12*0% ). $45)#)" )5% < 0*1 ,-$ ,-$) 1$ )(0&,)($' 0 $ $450# ,! ;$ ! < .!%70 $1 ,! ,-$ '#!8  $0.&,)!*' 3 b/ 2!5 0 $ )*,$ $',$1 )* ,-$ 7! ,)!* !/ ,-$ %!1$#,-0, -0' /0',  $0.,)!*' < 2!5 .0* 0''% $ ,-0, ,-$ ,-$'#!8 7! ,)!* 1!$' *!, .-0*+$ ')+*)E.0*,#2 =0*1 ,-5' <), c' 1$ )()0,($ )' ;$ !> 8-$* .!%70 $1 ,! ,-$ /0', 3
����� �� � �� �� �� ��� ��� �� ���� � ���� ����
[! % $ < )* ,-$ 1 5+ ")*1)*+ "5')*$'' < ,-$ .-0**$#'8 ),.-$' / !% .#!'$1 ,! !7$* 0*1 ,-$* ), .0* "$"!5*1 3 C-$ ")*1)*+  $0.,)!* )' '#!8 0*1 ,-$ .-0**$#, 0*'),)!*' 0 $ /0', 3 '! ^ ���� � e ���� � g �!8

�	 ��� � 
 7� � 
�� � =
� � 
� >	 =a<` 0 $ /! 80 10*1  $($ ' /! ^&e 0*1 � <0 0*1 /! 80 1 0*1  $($ '$/! e&g 3 �� ��� � 
�	 � 
�� �� ��� � 
�	 � 
7�"5, ,-)' )' /0', .!%70 $1 8 ),- ,-$ !,-$ ' '! #$,' 0'&'5% $ ,-0, ), )' 0#802' )* $45)#)" )5% f 	 � 
 7 �
��0*1 ,-$* 5')*+ a � � � 	 � � < 2!5 6*!8 ,-0,a � 
� �
7	 � 	 � � 
�	 � =a � � >� =a � 
� �
 7 > 0*1*!8 2!5 .0* '5% ',),5,$ )*,! ,-$ 1g 11, $450,)!* /! e 0*1 '!#($ /! g )* ,$ % ' !/ $($ 2,-)*+ $#'$ 3 ��

����� �� � �� �� �� ��� ��� �� ���� � ��������
b/ 8$ 8$ $ )*,$ $',$1 )* '!%$ )*, 0.$##5 #0 7 ! .$'',-0,  $45) $1 $D,$ *0# ',)%5#0,)!* < 8$ .0* !/,$* 0'&'5% $ ,-0, ,-$ )*,$ *0# 7 ! .$''$' 0 $ %5.- /0',$ ,-0*,-$ $D,$ *$ 0# !*$' 15$ ,! ,-$ /0., ,-0, ,-$ .!*.$*&, 0,)!*' !/ ,-$ (0 )!5' 7#02$ ' )* ,-$  $0.,)!*' 0 $%5.- -)+-$ )*,$ *0##23 � �

F �� G�HS NPLX �Q R � �LPX
� �� �� . " � �� $�� +&+ ! $'$ &$

�+)"� $� 

����� �� � �� �� �� �� ����� ������� ����� 	�
�$, c' *!8 #!!6 0, 0 /$8 $D0%7#$' !/ '2',$% ' ,-0,#$01 ,! E ', ! 1$ 1)9$ $*,)0# $450,)!*' 3 ^!*')1$ ,-$ 7 ! .$'' !/ 0 *$5 !, 0*'% ),,$ ")*1)*+ ,! 0  $&.$7,! 3 �$, � "$ ,-$ .!*.$*, 0,)!* !/ ,-$ *$5 !&, 0*'% ),,$ < 0*1 � � "$ ,-$ *5%"$ !/ ! ..57)$1  $&.$7,! ' 8-$ $ ��� )' ,-$ ,!,0# *5%"$ !/  $.$7&,! ' 3 C-$ *5%"$ !/ 5*! ..57)$1  $.$7,! ' < � � < )',-5' ��� � � � 3 C-5' < ,-$  $0.,)!* "$,8$$* *$5 !&, 0*'% ),,$ < 5*"!5*1  $.$7,! ' 0*1 "!5*1  $.$7,! '.0* "$ $*.07'5#0,$1 8 ),- ,-$ /! %5#0 <

� � � � ��		 � � �
8-$ $ 
 )' ,-$ 7 !7! ,)!*0#),2 .!*',0*, /! ")*1)*+0*1 	 )' ,-$ 7 !7! ,)!*0#),2 .!*',0*, /! 5*")*1)*+ 3C-$  0,$ !/ .-0*+$ !/ ! ..57)$1  $.$7,! ' )' ,-5' <
1� �
1� � 
� � � � 	� � � 
� =��� �� � >� 	� � � =` 3� 3a>
b/ 8$ .!*($ , _450,)!* oo ,!  $7 $'$*, ,-$ .-0*+$)* ,-$ / 0.,)!* !/ "!5*1  $.$7,! ' "2 1)()1)*+ "2

��� < 0*1  $0  0*+$ ,-$ ,$ % ' 0 #),,#$ "), < ,-$* 8$.0* '!#($ ), "2 5')*+ 8-0, )' .0##$1 0* )*,$+ 0,)!*
a�



/0.,! 3� C-0, )' < )/ 8$ #$, � � � ����� < 8$ .0*  $8 ),$_450,)!* oo 0'
1 �
1� � 
� =a � �> � 	� � =` 3� 3`>

2$0  0*+)*+ ,-$ ,$ % ' +)($' 5' f
1�
1� � � =
� � 	>� � 
� � =` 3� 3�>

! 1 �
1� � =
� � 	>� � 
� � =` 3� 30 >

: ),- _450,)!* oo )* ,-$ $D0., '0% $ /! % 0' _450&,)!* oo < ,-$ /! %  $45) $1 /! !5 +$*$ 0# '!#5,)!* <8$ .0* $0')#2 '!#($ /! � =�> 3 [) ', < 8$ 8 )## 1$,$ % )*$,-$ )*,$+ 0,)*+ /0.,! 3 C-0, )' < / !% _450,)!*' oo0*1 oo
� =�> � $D7 �� =
� � 	>1��

� � ��� � 	
� � =` 3� 3�>
:$ .0* *!8 7#5+ ,-$ )*,$+ 0,)*+ /0.,! < 0#!*+ 8 ),-"),' / !% _450,)!* oo )*,! _450,)!* oo 0*1 '!#($ /! 
� =�> 3 C-5' <

� =�> � �� ��� � 	
� �
� � � ��� � 	
�1� � ��
� �� ��� � 	
� 
�


� � 	 � ��
� � 	
� � � �� ��� � 	
�

� 
�

� � 	 � � �� ��� � 	
� � =` 3� 3�>

])*.$ 8$ 6*!8 ,-0, 0, ,)% $ � � � ,-0, '!% $ / 0.,)!*!/  $.$7,! ' 0 $ ! ..57)$1 < � =�> < 8$ .0* '!#($ /! � 3C-0, )' <
� =�> � 
�


� � 	 � �

0*1 ')%7#$  $0  0*+$% $*, +)($' 5' <
� � � =� > � 
�


� � 	 �

C-5' < !5 +$*$ 0# '!#5,)!* /! � =�> )'
� =�> � 
�


� � 	 � �� =�> � 
�

� � 	� �� ��� � 	
� � =` 3� 3�>

� �
�YKB JNBGS�G P BGKHTSGJ DQ IKSJ JDML STU HT DCFSTHCs FS�BCy

BTISHM B	EHISDT EJSTU HT STIBUCHISDT QHGIDC SJ QEMMs FBJGCSO BF ST
�BGISDT '' X

����� �� � �� �� �� ������ � ���� ��� �����
b/ 8$  $,5 * ,! _450,)!* oo < 8$ .0* 1$,$ % )*$ ,-$0'2%7,!,). " $-0()! !/ ,-$ '!#5,)!* 8 ),-!5, -0()*+,! '!#($ /! ), 3� [) ', < 8$ 8 )## 1$,$ % )*$ 0*2 7!)*,'8-$ $ ,-$ '2',$% )' 0, $45)#)" )5% 3 C-0, )' < 1$,$ &% )*$ 8-$ $ ,-$ 1$ )(0,)($ )' ;$ ! 3

1�
1� �	
� �


� � =
� � 	>� � �

� � 
�
=
� � 	>

C-5' < 8-$* � =�> � 
� � =
� � a> < /! 0## � < 8$ 0 $0, 0* $45)#)" )5% 0*1 8 )## *!, %!($ / !% ), 3 : -$*
� =�> � 
� � =
� � a> < ,-$* ,-$ '#!7 $ /! 0## � )' 7 !'),)($=,! '$$ ,-)' < , 2 7#5++)*+ )* � =� > � 
� �` =
� � a>> <0*1 ,-5' < 0' � � � < � =�> 077 !0.-$' 
� � =
� � a>/ !% "$#!8 3 b/ � =� >  
� � =
� � a> < ,-$* ,-$ '#!7 $ /! 0## � 8)## " $ *$+0,)($ 0*1 0' � � � < � =�> 077 !0.-$',-$ $45)#)" )5% / !% 0"!($ 3

�!,$ ,-0, � � a�` 8-$* � � 	�
 3 C-)' )' .0##$1 ,-$$45)#)" )5% 1)''! .)0,)!* .!*',0*, 0*1 )' ,-$ .!*.$*&, 0,)!* !/ 1 5+ 8-$ $ ,-$ / 0.,)!* !/ "!5*1  $.$7,! ')' a1` 3 C-5' < / !% ,-$ 6)*$,).' !/ " )*1)*+ 0*1 5*")*1&)*+ < 2!5 .0* 1) $.,#2 +$, 0 /$$# /! ,-$ .!*.$*, 0,)!*!/ 1 5+  $45) $1 ,! -0($ -0#/ ,-$  $.$7,! ' ! ..57)$1 3
� �

� �� �� . $ � �� $��  ��"� $#$ &$
�+)"� $� 

����� �� � �� �� �� �� ����� ������� ����� 	 	�
_D0%7#$ oo )' 7 !"0"#2 ,-$ %!', 5'$/5# 1$ )(0,)!*)* ")!#!+).0# % !1$#' 3 b, )' 0#'! ')%7#$ 8 ),- !*#2 0 /$80''5%7,)!*' 3 b/ 8$ #!!6 0, ,-$ '2',$% %! $ .#!'$#2 8$'$$ ,-0, " )*1)*+ .!%$' / !% %!#$.5#$' .!##)1 )*+ 8 ),- $.$7,! ' 0*1 !*#2 $($ 2 !*.$ )* 0 8-)#$ )' ,-$ .!##)&')!* '5B .)$*,#2 ', !*+ ,-0, 0* @$($*,A ,06$' 7 #0.$ <7 !15.)*+ 0 .!%7#$D !/ @%!#$.5 #$ "!5*1 ,! 0  $&.$7,! 3A C-$ .!##)')!*' 0 $ 15$ ,! ,-$ % 0# %!,)!*0*1 < 57 ,! 0 .$ ,0)* 7!)*, < ,-$ -!,,$ ,-$ '!#5,)!*,-$ %! $ ()+! !5' ,-$ .!##)')!* ' 0*1 ,-$ %! $ ")*1&)*+ $($*,' 3 �!8$($ < "$2!*1 ,-0, 7!)*, < ,-$ .!%7#$D.0* 0#'! ()" 0,$ 0*1 /0## 070 , 3 C-5' < 0, ,-$ % 0#$45)#)" )5% < "!,- ")*1)*+ 0*1 5*")*1)*+ $($*,' 0 $.!*',0*,#2 -077$* )*+ 3 b* _D0%7#$ oo 8$ 8$ $ 0'&'5% )*+ ,-0, ,-$ 7 !"0")#),2 !/ 0 ")*1)*+ $($*, ! 0*
� �BB �BGISDT '' QDC H GDPNMBIB DLBCL SBR DQ IKB UBTBCHM

P BIKDF DQ NKHJB NMHTB HTHMs JSJ X
a�



5*")*1)*+ $($*, )' .!*',0*, )* ,)% $ 3 b* ,- )' $D0% &7#$ 8$ 8 )## ,06$ )*,! 0..!5*, ,-$ % ). !'.!7 ). ()$8!/ ")*1)*+ 0*1 5*")*1)*+ 0*1 1$%!*', 0,$ ,-0, ,-)',- )' )' 0 7 $,,2 '!#)1 0''5%7,)!* ,! % 06$ 3C-$ 7 !"0")#),2 ,-0, 0  $.$7,! )' ! ..57)$1 0, ,)% $
� )' � � =�> 0*1 ,-$ 7 !"0")#),2 ,-0, 0  $.$7,! )' 5*&! ..57)$1 0, ,)% $ � )' �� =�> 3 :$ 0#'! 6*!8 ,-0,� � =�> � a � �� =�> 3 C-$ 7 !"0")#),2 ,-0, 0* 5*!.&.57)$1  $.$7,! 8 )## " $.!% $ !..57)$1 1$7$*1' !* ,-$.!##)')!*  0,$ 8-).- )* ,5 * 1$7$*1' !* ,-$ .!*.$*&, 0,)!* !/ -! %!*$' < *$5 !, 0*'% ),,$ ' ! 8-0,$($ %!#$.5#$ )' )*(!#($1 )* ,-$  $0.,)!* 3 :$ 8 )## 1$*!,$,-$ .!*.$*, 0,)!* !/ ,-$ %!#$.5#$ 0' < � 3 C-$ 7 !"0&")#),2 ,-0, 0* 5*!..57)$1 '),$ 0, ,)% $ � 8)## "$.!%$!..57)$1 15 )*+ ,-$ *$D, )*. $%$*, !/ ,)% $ < � )'��� � � �� � � =` 3� 3�>
8-$ $ � )' ,-$ 7 !7! ,)!*0#),2 .!*',0*, /! ,-$ ")*1&)*+  0,$ 7$ %!#$.5#$ !/ 1 5+ 3[! 0  $.$7,! )' "!5*1 < ,-$ $ 0 $ ,8! 7!'')")#),)$'/! ),' ',0,$ 0/,$ � 3 b, .0* $),-$ " $.!% $ 5*!..5&7)$1 !  $% 0)* ! ..57)$1 3 C-$ 7 !"0")#),2 ,-0, 0*! ..57)$1  $.$7,! 8 )## " $.!% $ 5*!..57)$1 15 )*+ ,-$,)% $ )*,$ (0# < � )' 0 ED$1  0,$ <� �� � � �� � =` 3� 3'>
C-$ 7 !"0")#),2 !/ 0* ! ..57)$1 '),$  $% 0)*)*+ ! ..5&7)$1 15 )*+ � )' ')%7#2� �� � � a � � �� � � a � �� � =` 3� 3a� >

C! 1$,$ % )*$ ,-$ 7 !"0")#),2 ,-0, 0 '),$ 8 )## " $! ..57)$1 0, ,)% $ � � � 8$ *$$1 ,! .!*')1$ ,8! 7!'&')")#), )$' 3 _ ),-$ ,-$ '),$ 80' $%7,2 0, ,)% $ � 0*1"$.0% $ !..57)$1 15 )*+ � < ! ,-$ '),$ 80' !..57)$10, ,)% $ � 0*1 ), 1)1 *!, " $.!% $ 5*!..57)$1 15 )*+,-$ )*,$ (0# � 3 C-5' <� � =� � � > � �� =�>��� � � � � =�>� �� �
� �� =�>�� � � � � =�> =a � �� > =` 3� 3aa>

:$ .0* *!8  $0  0*+$ ,$ % ' )* _450,)!* oo 0*1% 06$ 0 1)9$ $*.$ $450,)!* <� � =� � � > � � � =�>
�

� �� �� =�> � �� � =�>
� �� =a � � � =�>> � �� � =�> �=` 3� 3a`>

b/ 8$ *!8 #$, � +! ,! ;$ ! < 8$ 8 )## $*1 57 8 ),- 0 1)/&/$ $*,)0# $450,)!* /! ,-$ 7 !"0")#),2 ,-0, 0  $.$7,! '),$ 8 )## " $.!%$ !..57)$1 f
1� �
1� � �� =a � � � > � �� � � =` 3� 3a� >

b/ 8$ .!%70 $ _450,)!* oo ,! _450,)!* oo 8$ *!&,).$ 0 ', )6 )*+ ')% )#0 ),23 �!,).$ ,-0,
� � =�> � � � =�>

��� � � =�> �
8-$ $ � =�> )' ,-$ / 0.,)!* !/ "!5*1  $.$7,! ' 0, ,)% $
� 3 � #'! < " !,- � 0*1 � %07 ,! ,-$ .!*',0*,' 5'$1 )*_450,)!* oo 3 C-5' < !*.$ 8$ ,06$ 0802 ,-$ 0''5%7&,)!* ,-0, ,-$ $ )' 0 .!*',0*, $($*, 7 !"0")#),2 !($ ,)% $ < 8$ $*1 57 8 ),- ,-$ '0% $ +$*$ 0# $450,)!* 3 � �

� �� �� � � $'* #+ (+##

����� �� � �� �� �� �
��� ���� ���  ���� �� ��

_0 #)$ < 8$ " )$h2 $D7#! $1 ,-$  !#$ !/ 0 .$##5 #0 0.&,)!* 7!,$*,)0# 7#02' )* '-! , ,$ % %$%! 23 ^$##' '5.-0' *$5 !*0# < .0 1)0. 0*1 %5'.#$ .$##' 0 $ �" �����	�< ) 3$ 38-$* ',)%5#0,$1 8 ),- 0 '5",- $'-!#1 ',)%5#5' < ,-$.$## c' $#$., ).0# 7!,$*,)0#  $% 0)*' %! $ ! #$'' .!*&',0*, 3 e* ,-$ !,-$ -0*1 < 8-$* ,-$ .$## )' ',)%5#0,$18 ),- 0 '57 0,- $'-!#1 ',)%5#5' < ,-$ .$## c' $#$., ).0#7!,$*,)0# 8 )## .-0*+$ 1 0% 0,).0##2< 0*1 !($ ,)% $  $&,5 * ,! ),'  $', (0#5$ 3
C-$ 0.,)!* 7!,$*,)0# )' 0 %$.-0*)'% /! .$##' .!% &%5*).0,)*+ 8 ),- $0.- !,-$ 3 ^$##5 #0 .!%%5*).0,)!*-077$*' 8-$* 0 .$##  $#$0'$' 0 70.6$, !/ *$5 !, 0*'&% ),,$ ,-0, ")*1' ,! 0  $.$7,! !* 0 *$0 "2 .$## < ! 8-$* ,-$ .$## .-0*+$' ),' , 0*'%$%" 0*$ 7!,$*,)0#0*1 ,-$ .-0*+$ )' '$*'$1 "2 0* 01d !)*)*+ .$## 3 �*$D0%7#$ !/ ,-$ E ', % $,-!1 )' 0 *$ ($ .$## ,0#6 )*+ ,!0*!,-$ *$ ($ .$## 5')*+ '2*07,). .!57#)*+ 3 C-$ #0,&,$ % $,-!1 .!5#1 ,06$ 7#0.$ )* -$0 , .$##' ,-0, 0 $$#$., ).0##2 .!57#$1 "2 +07 d5*.,)!*' 3
: -0, )' ,-$ % )* )%5% .!%7#$D ),2 !/ 0 .$## .070"#$!/ ,0#6 )*+ =0* $D.),0"#$ .$##>� b* ! 1$ /! ), ,! " $5'$/5# )* ')+*0#)*+ < ), %5', " $ 0"#$ ,! -0($ ,8! ',0"#$$45)#)" )0 <  $', 0*1 $D.),$1 3 g2 $45)#)" )0 < 8$ % $0*7!)*,' 8-$ $ ,-$ 1$ )(0,)($ < �� ��� < )' ;$ ! 3 g2 ',0&" #$ < 8$ %$0* ,-0, 8-$* 2!5 � ��� ,-$ '!#5,)!* ,! $)&,-$ ')1$ !/ ,-$ $45)#)" )5% < ,-$ 7 ! .$'' 1$'. )" $1 "2,-$ !1$ %!($' ,-$ '!#5,)!* "0.6 ,! ,-$ $45)#)" )5% 3b* ! 1$ ,! -0($ ,8! ',0"#$ ',0,$' < ,-$ 1$ )(0,)($ !/,-$ .5  $*, (!#,0+$  $#0,)!*'-)7 =)/ 8$ 0 $ .!*')1$ )*+% $%" 0*$ 7!,$*,)0# 0' !5 % $0*' !/ .!%%5*).0,)!* >%5', $450# ;$ ! 0, ,- $$ 1)9$ $*, .!*1),)!*' < ,8! !/,-$'$ ;$ !' 8 )## " $ ',0"#$ 0*1 !*$ 5*',0"#$ 3 =]$$ _D&0%7#$' oo < oo 0*1 oo /! )##5', 0,)!*' !/ ',0"#$ 0*15*',0"#$ $45 )#)" )0 3> C-$ $/! $ 0 %!1$# < 1 )($* "2 0

a�



-0.5 0 0.5 1 1.5
Potential, U 

-0.5

0

0.5

C
ur

re
nt

, f
(U

)

stable unstable stable

dU/dt < 0

dU/dt > 0

dU/dt = 0 (nullcline)

[)+5 $ ` 3� 3af �EOSG TEMMGMSTB QDC x	EHISDT '' X ABCB � � ! �� X

.5"). $450,)!* !/ ,-$ /! % f
1��
1� � � =� > � � =� � � > =� � a> � =` 3� 3a0 >

8-$ $ 8$ 0''5% $ � � � � a< )'  $45) $1 ,! %$$, ,-$0"!($ .!*1),)!*' 3 _45)#)" )0 $D )', 8-$* ,- )' 1$ )(0&,)($ )' ;$ ! < 0*1 ,-5' -0' $45)#)" )0 < 0, � � � < � � �0*1 � � a3 � + 07- !/ � =� > < .5  $*, < )' '-!8* )*[)+5 $ oo 0*1 )' .0##$1 ,-$ *5##.#)*$ 3 [ !% ,-)' < 8$.0* + 07-).0##2 $D7#! $ ,-$ " $-0()! !/ 0*2 !1$ 3 �*$45)#)" )5% $D)',' 0, $0.- 7!)*, 8-$ $ ,-$ *5##.#)*$. !''$' ,-$ �� ��� =.5  $*,> � � 0D )' 3
�!,).$ ,-0, /! � � � < ,-$ *5##.#)*$ =�� ���> )' 7!'&),)($ 0*1 /! � � � � � < ,-$ 1$ )(0,)($ )' *$+0,)($ 3b/ ,-$ '!#5,)!* )' '),,)*+ 0, � � � 0*1 2!5 75'- ), ,!,-$ #$/, ='02 � � �� �' > ,-$* ,-$ (0#5$ !/ � =� > )' 7!'&),)($ '! ,-0, �� ���  � 0*1 ,-$ '!#5,)!* %!($' "0.6,! � � � 3 ])% )#0 #2< 8-$* 2!5 75'- ), ,! ,-$  )+-,='02 � � � �a> < ,-$* ,-$ (0#5$ !/ � =� > )' *$+0,)($ '!,-0, �� ��� � � 0*1 ,-$ '!#5,)!* %!($' ,! ,-$ #$/, <"0.6 ,! � � � 3 C-5' < � � � )' 0 ',0" #$ $45)#)" )5% 3: -$* � � � � a< ,-$ 1$ )(0,)($ )' 0+0)* 7!'),)($ 0*1,-5' � � � )' 0* 5*',0"#$ $45)#)" )5% 3 [)*0##2< 8-$*

�  a< ,-$ 1$ )(0,)($ )' *$+0,)($ % 06)*+ � � a 0',0" #$ $45)#)" )5% 3C-$ '8 ),.-)*+ *0,5 $ !/ ,-)' % !1$# .0* "$  $01)#21$%!*', 0,$1 3 � ''5%$ ,-0, 8$ 0 $  $',)*+ 0, � � � 3
�!8 0' 2!5 %!($ � ,! ,-$  )+-, < ,-$ 1$ )(0,)($ )' � �'! ,-0, )/ 8$ ,5 * ,-$ '!#5,)!* #!!'$ < ), 8 )## % )+ 0,$"0.6 ,! ,-$ ',0"#$ $45)#)" )5% 0, � � � 3 �!8$($ < )/8$ .!*,)*5$ ,! 75'- '! ,-0, �  � < ,-$* *!8 �� ��� 
� 0*1 ,-$ '!#5,)!* 8 )## .!*,)*5$ ,! ,-$  )+-, 5*,)# ), $0.-$' ,-$ 7!)*, < � � a3 C-$ 7!)*, < � )' .0##$1 )'.0##$1 ,-$ ,- $'-!#1 0*1 8 ),- ,-)' '8 ),.- < 8$ -0($ 0% $.-0*)'% /! @,0#6)*+A < '8 ),.- )*+ / !% 0 ',0"#$  $',=� � �> ',0,$ ,! 0 ',0"#$ $D.),0"#$ =� � a> ',0,$ 3

0 10 20 30 40
Time (arbitrary units)

0

0.2

0.4

0.6

0.8

1

Po
te

nt
ia

l, 
U

(t
)

Stimulus Duration:

1.1 1.05 1.04

1.031.021.011.00.8

[)+5 $ ` 3� 3` f �R SIGKSTU R SIK TBHC IKCBJKDMF JISPEMHISDT t H
� ! X� 3

:$ .0* 011 0 ',)%5#5' /5*.,)!* < � =�> ,! � =� > ,-0,-0' % 0+*),51$ � "2 ')%7#2 . $0,)*+ 0 /5*.,)!* ,-0,)' $450# ,! � /! 0 +)($* )*,$ (0# !/ ,)% $ 3 C-0, )' f

� =�> �
��
�

� � � � �
� � � � � � �	
� � �	 � �

=` 3� 3a�>

8-$ $ �	 )' ,-$ 15 0,)!* !/ ,-$ ',)%5#5' 3 C-)' /5*.,)!*.!5#1 "$ 0  $h$.,)!* !/ .!57#)*+ / !% !,-$ .$##' 3 [! $D0%7#$ < 0 *$5 !, 0*'% ),,$ !7$*)*+ 0* $D.),0,! 2.-0**$# , 0*')$*,#23 �11)*+ ] =,> ,! � =� > +)($' 5' f
1��
1� � � =� > � � =�> � =` 3� 3a� >

� $7 $*1)*+ !* ,-$ ');$ !/ � < )/ 8$ )*),)0##2 ',0 , 0,
� =� > � � < 8$ .0* '8 ),.- / !% ,-$  $', ',0,$ ,! ,-$$D.),0" #$ ',0,$ 0' '-!8* )* oo
�$ $ < ,-$ ',)%5#5' 0%7#),51$ )' � 3`� 0*1 ,-$ 15& 0,)!* !/ ,-$ ',)%5#5' )' 0#,$ $1 3 ],0 ,)*+ 0, ,-$',0"#$ $45)#)" )5% 0, � <� < ,-$ 7!,$*,)0# )*. $0'$' #)*&$0 #2 5*,)# ,-$ ',)%5#5' (0#5$  $,5 *' ,! ;$ ! 3 g2(0 2)*+ ,-$ 15 0,)!* !/ ,-$ ',)%5#5' < 8$ .0* 0.-)$($'5"&,- $'-!#1 < ,- $'-!#1 0*1 '57 0,- $'-!#1 (0#5$' 3]-!8* 0 $ ,-$ 15 0,)!*' !/ ,-$ ',)%5#) 3 �!,$ ,-0, /! 0 15 0,)!* !/ a30 < ,-$ (0#5$ !/ \ $D.$$1' ,-$ ,- $'-!#1=� 3`�> < 0, ,-$ $*1 !/ ,-$ ',)%5#5' < 0*1 ,-5' <  07)1#2%!($' ,!80 1 ,-$ -)+-$ ',0"#$ $45)#)" )5% 0, a3 � ',-$ ',)%5#5' 15 0,)!* )'  $15.$1 < ,-$ , 0*'),)!* ,)% $,! ,-$ $45)#)" )5% 0, \ � a )' 7 !+ $'')($#2 #!*+$ 5*,)# ,-$ 15 0,)!* )' a3�` 3 �!8 < ,-$ (0#5$ !/ \ 0, ,-$$*1 !/ ,-$ ',)%5#5' )' *! #!*+$ '57 0,- $'-!#1 0*1,-$ 7!,$*,)0# 1$.02' "0.6 ,! ,-$ ',0"#$ $45 )#)" )5% 0,\ � � 3

a�



�!8 8$ %5', 1$,$ % )*$ -!8 ,-$ '8 ),.- .0*  $,5 *,! 0  $', ',0,$ 8-$* ), )' )* 0* $D.),0" #$ ',0,$ 3 �-2'&).0##2< .-0 +$ )'  $%!($1 / !% ,-$ .$## 5*,)# ), . !''$',-$ ,- $'-!#1 0*1 ,-$* ,-$ .$## ,06$' !($ < #!8$ )*+ ),'.-0 +$ 5*,)# ,-$ #!8$ $45)#)" )5% -0' "$$*  $0.-$1 3
� ' 0 E ', 0,,$%7, 0, %!1$#)*+ ,- )'  $%!(0# !/ .-0 +$ <8$ .!5#1 1$E*$ 0 (0 )0" #$ � '5.- ,-0, f

1�
1� � �� � =` 3� 3a�>

C-$ 7 !"#$% < -!8$($ < 8 ),- ,-)' 1$E*),)!* )' ,-0,
� 8)## *!, .!*,)*5$ ,! + !8 8-$* � -),' ,-$ 577$ $45)#)" )5% 7!)*, 3 � ' 0  $'5 #, < ,-$ '2',$% 8 )## *$($  $,5 * ,! ,-$  $', ',0,$ 3 C-5' < 8$ %5', 011 0 '$.!*1,$ % ,-0, 8 )## 0##!8 � ,! + !8 !*.$ � )' 0, ,-$ $45 )&#)" )5% 7!)*, 3 b* ,-)' .0'$ 8$ 8 )## 011 0 ,$ % ,-0,.05'$' $D7!*$*,)0# 1$.02 )* ,-$ .-0 +$ f

1�
1� � �� � �� � =` 3� 3a� >

8-$ $ � � � 3 [ !% ,-)' $450,)!* 8$ .0* '$$ ,-0, 0'
� )*. $0'$' < '! 1!$' �� 0*1 ,-5' < '! 1!$' � 3 e*.$
� 7#0,$05' 0, ,-$ -)+-$ $45)#)" )5% < � 8)## .!*,)*5$,! )*. $0'$ < 0, '#!8$ 0*1 '#!8$  0,$' " $.05'$ ��8)## .!*,)*5$ ,! '5", 0., / !% �� #0 +$ 0*1 #0 +$ 0%!5*,' < 5*,)# �� � �� 3 e*.$ �� 1!% )*0,$' < _450&,)!* oo 8 )## " $.!% $ *$+0,)($ 0*1 � 8)## 1$. $0'$ 3: ),- _450,)!* oo /! � < !5 $450,)!* 1$E*)*+ ,-$$*,) $ .$## " $.!% $'

1��
1� � � =� > � � � � =�> � =` 3� 3a' >

g2 '5", 0.,)*+ � / !% � =� > ,-$ '8 ),.- "$.!% $'%!*!',0"#$ "2  $%!()*+ ,8! !/ ,-$ $45)#)" )0 3 :$ .0*1$,$ % )*$ ,-$ #! .0,)!* !/ ,-$  $% 0)*)*+ $45)#)" )5%)' 1$,$ % )*$1 "2 $D0% )*)*+ 8-$* ,-$ 1$ )(0,)($' /! "!,- $450,)!*' 0 $ ;$ ! 3])*.$ � !*#2 7#02' 0 ')+*)E.0*,  !#$ 0/,$ ,-$ )* )&,)0# ',)%5#0,)!* < 8$ .0* !% ), � =�> )* ,-$ /! ##!8 )*+1$ )(0,)!*' 3 [ ) ', < 8$ 8 )## '!#($ ����� � � f
1��
1� �	
� �

� =� > � � � �
� � � =� > �

�!8 8$ 8 )## '! #($ 1� �1� f
1�
1� �	
� �

=�� � �� > � �
�� � ��
� � �� �� �

-0.5 0 0.5 1 1.5
Potential, U 

-0.5

0

0.5

C
ur

re
nt

, f
(U

)

stable unstable stable

dU/dt < 0

dU/dt > 0

dU/dt = 0 (nullcline)

[)+5 $ ` 3� 3� f �EOSG HTF MSTBHC TEMMGMSTB QDC IKB & SIWKEUK
) HUEPD GBMM P DFBM X r KBT � �I � !� � ! X� t IKB NDIBTISHM GDMy
MHNJBJ O BGHEJB F��FI � ! X ADRBLBC t RKBT � �I�!� � ! X� IKB
N DIBTISHM UCDR J HTF NCDFEGBJ HT HGISDT NDIBTISHM X

0 20 40 60 80 100
Time (arbitrary units)

-0.2

0

0.2

0.4

0.6

0.8

O
D

E
 S

ol
ut

io
n

Stim on

Stim off

Membrane Potential

Restoration Current

Excitation Threshold (0.25)

[)+5 $ ` 3� 30 f � CBJNDTJB ID JEOyIKCBJKDMFJISPEMHISDT HI
� � � X YKB GBMM N DIBTISHM t � t GDMMHNJBJ HQIBC IKB BTF DQ IKB
JISPEMHISDT NEMJB O BGHEJB IKB NKHJB NDSTI FSF TDI GCDJJ IKB
IKCBJKDMF �! X� � PHCVSTU IKB ETJIHOMB B	ESMSOCSEP '' PHCVSTU
IKB ICHTJSISDT QCDP F��FI � ! ID F��FI � ! X

C-$  $'5#, )' ,-$ ', 0), #)*$ )* [)+5 $ oo 8 ),- 0 '#!7 $!/ ��� C-$ )*,$ '$.,)!* +)($' 5' 0 ')*+#$ $45)#)" )5% 3
b* ")!#!+2< ,-$ 12*0% ).' !/ % !()*+ / !% 0  $',',0,$ ,! 0* $D.),0"#$ ',0,$ )' /0', " $.05'$ � 0 .-0**$#'!7$* 45).6#23 C-$  $.!($ 2< -!8$($ < )' '#!8 "$.05'$m .-0**$#' !7 $* '#!8 #23 :$ .0* )*.! 7! 0,$ ,-)' )*,!!5 %!1$# "2 )*.#51)*+ 0 '.0#)*+ /0.,! )*,! _450,)!*oo f 1�

1� � � =�� � �� > � =` 3� 3`� >
m$$7 )* % )*1 ,-0, � 1!$' *!,-)*+ ,! 0#,$ ,-$ $45)#)"& )5% 7!)*, ')*.$ ), ')%7#2 1)()1$' !5, 8-$* '!#()*+/! ), 3

a'



0 20 40 60 80 100
Time (arbitrary units)

-0.2

0

0.2

0.4

0.6

0.8

O
D

E
 S

ol
ut

io
n

Stim on

Stim off

Membrane Potential

Restoration Current

Excitation Threshold (0.25)

[)+5 $ ` 3� 3� f � CBJNDTJB ID JENCHyIKCBJKDMF JISPEMHISDT HI
� � � X vT IKSJ GHJB t IKB NDIBTISHM t � t BuGBBFBJ IKB IKCBJKDMF t
GCDJJSTU STID IKB CBUSDT RKBCB F��FI � ! t HTF IKEJ HGGBMBCHIBJ
IDRHCF IKB B	ESMSOCSEP HI � � � X YKB NBHV DQ IKB HGISDT
NDIBTISHM TBLBC CBHGKBJ IKB NDSTI RKBCB � � � t FEB ID IKB
������� �� ��� CB(BGISTU IKB JMDR NHCHP BIBC t # X

C-$ '8 ),.- 1$E*$1 "2 _450,)!* oo < ���� � )' " )',0"#$8 ),- ',0"#$ $45)#)" )0 0, � � � 0*1 � � a3 : -0,8$ 8!5#1 #)6$ ,! 1! )' )*.! 7 $ 0,$ 0 (0 )0"#$ ,-0, 8 )## $% !($ .-0 +$ / !% ,-$ .$## 15 )*+ ,-$ $D.),0"#$ ',0+$5*,)# ,-$ ,- $'-!#1 )' . !''$1 0*1 ,-$ .$## 0*1  $'$,),'$#/ ,! ,-$  $', ',0,$ 3 ��
�!8 & %!($ ,-$ '#!8 /5*.,)!* #)*$0 *5##.#)*$ ,!,-$  )+-, 8-$ $ ,-$ $45)#)" )5% )' 5*',0"#$ 3 �!8 ,-$[�� '2',$% "$-0($' 0' 0* !'.)##0,! 0' '-!8* )* ,-$E+5 $ 3 ]0%$ $D0., %!1$# & !* #2 0 '-)/, )* ,-$ )*&,$ '$.,)!* !/ ,-$ ,8! *5##.#)*$' =/ =� > � � < � � � 1

� C-$  $'5#, )' '7!*,0*$)!5' !'.)##0,)!* < " $.05'$ ,-$*5##.#)*$' )*,$ '$., 0, 0 ')*+5 #0 7!)*, ,-0, )' 5*',0&"#$ 3

F �� JHlP�� XL��LX H�� ��L���QlZ
��U UL�L��� N��N L���LX

�!8 #$,' 5'$ ,-$ C02#! '$ )$' 0*1 0* 0 "), 0 2 ! &1)*0 2 1)9$ $*,)0# $450,)!* 0*1 $D7#! $ '!% $ 7!,$*&,)0##2 )*,$ $',)*+ "$-0()! 3 [) ', ,-$ $ 0 $ ,8! .#0''$'=0, #$0',> !/ % !1$# "5 )#1$ ' 3 ^#0'' !*$ )' )*,$ $',$1 )*"5)#1)*+ 0 /5## % !1$# !/ '!% $ 7 ! .$'' ,-0, )' 0'  $0#&)',). 0' 7!'')"#$ 3 ^#0'' ,8! )' )*,$ $',$1 )* "5)#1)*+ 0% )* )% 0# %!1$# < !*$ ,-0, .07,5 $' $''$*,)0# " $-0()! 0*1 57!* 8-).- < !*$ .0* 011 %! $ 0*1 %! $  $0#)'%0*1 0'6 f �!8 1!$' ,-)' 0#,$ $1 ,-$ " $-0()! !/ ,-$% )* )% 0# %!1$#�
:$ ',0 , 8 ),- ,-$ ')%7#$', ! 1)*0 2 1)9$ $*,)0#

-0.5 0 0.5 1 1.5
Potential

0

F(
u)

, V

Fast and Slow Nullclines
Unstable Singular Point

[)+5 $ ` 3� 3� f �KSQIBF B	ESMSOCSEP ID IKB ETJIHOMB NDSTI

-1.5

-1

-0.5

0

0.5

1

1.5

0 10 20 30 40 50 60 70 80 90 100

A
m

pl
itu

de
 (

A
rb

itr
ar

y 
un

its
)

Time (Arbitrary units)

Spontaneous Oscillation in the Fitzhugh-Nagumo System

line 1
line 2

[)+5 $ ` 3� 3� f  JGSMMHISDT DQ IKB &A) JsJIBP FEB ID IKB ETy
JIHOMB B	ESMSOCSEP

`�



$450,)!* f
1�
1� � � � � � =� > � =` 3� 3a>

0*1 0'6 ,-$ 45$',)!* & 8-0, )' ,-$ " $-0()! !/ ,-)'$450,)!* 0' 8$ )*. $0'$ ,-$ .!%7#$D),2 !/ / =5 >� C-$C02#! '$ )$' )' 0 802 ,! % $,-!1).0##2 011 .!%7#$D),2="2 011)*+ '5..$'')($ ,$ % '> )* ! 1$ ,! %! $  $0#)'&,).#2  $7 $'$*, 0 .-0 0.,$ );0,)!* !/ '!%$ 5*6*!8*/5*.,)!* < / =5 > 3 ],0 ,)*+ 8 ),- ,-$ .!*',0*, ,$ % < 8$.0* 0*0#2;$ ,-$ 7 !7 $ ,)$' !/ ,-$ e�_ 0*1 +$, '!%$)1$0' 0"!5, -!8 01$450,$#2 ),  $7 $'$*,' '!% $ 7 !&.$'' !/ )*,$ $', 3]! 8$ ',0 , 8 ),-
� =� > � � =�� >� � � =�� > =� � �� >� � ��

` =�� > =� � �� >� � � � �

C-$ (0#5$' !/ � =�� > 0*1 ),' 1$ )(0,)($' 0 $ ')%7#2.!*',0*,' '! ,-0, ,-$ C02#! '$ )$' )' ')%7#2 0 7!8$ '$ )$' )* =� � �� > 3 ]! #$,'  $8 ),$ ,-$ '$ )$' 0'
� =� > � �� � � 7 =� � �� >� �� =� � �� >� � �� =� � �� >� � � � �

0*1 ',0 , !5 0*0#2')' 3 [! .!*($* )$*.$ < 8$ 8 )## '$,
�� ,! ;$ ! 3C-$ 7 !7$ ,)$' !/ � � � �� 0 $ *!, )*,$ $',)*+ 3 C-$'!#5,)!*' 0 $ #)*$' !/ (0 2)*+ '#!7 $ < 8-$ $ ,-$ '#!7$)' 1$,$ % )*$1 "2 ,-$ (0#5$ !/ �� 3b*.#51)*+ ,-$ E ', ,8! ,$ % ' % 06$' ,-$ '!#5,)!*'70.$ 0 "), % ! $ )*,$ $',)*+ f

1�
1� � � � � �� � � 7� =` 3� 3`>

C-)' -0' 0 ')*+#$ $45)#)" )5% 8-$ $ � � � � 0*1 ,-$$45)#)" )5% )' #! .0,$1 0, � � � ���� 3 ? ! $!($ < ,-$
$45)#)" )5% )' 5*',0" #$� )/ � 7 � � 0' '-!8* )* [)+&5 $ oo 3 : -$* ,-$ $ )' 0 1)',5 "0*.$ ,-0, %!($' ,-$7-0'$ 7!)*, < =� =� > � � > ,! ,-$ #$/, < ,-$* 8$ '$$ ,-0,
� � � � 8-).- 75'-$' ,-$ 7-0'$ 7!)*, 0802 / !% ,-$$45)#)" )5% 3 ])% )#0 #2 8-$* ,-$ 1)',5 "0*.$ %!($',-$ 7-0'$ 7!)*, ,! ,-$  )+-, < � �  � 8-).- 75'-$',-$ 7-0'$ 7!)*, ,! ,-$  )+-, < 0+0)* 0802 / !% ,-$$45)#)" )5% 3

�!8 < 8$ 011 ,-$ 4501 0,). ,$ % 0*1 -0($
1�
1� � � � � �� � � 7� � ��� � =` 3� 3�>

:$ 0''5% $ ,-0, 0## ,-$ .!*',0*,' 0 $ '5.- ,-0, ,-$ $0 $ ` )*,$ '$.,)!*' 8 ),- ,-$ � � � � #)*$ )* ,-$ =� � � � >
� �BB �BGISDT '' QDC H QE MM BuNMHTHISDT DQ IKB IBCP J ������

HTF ��������X

-0.5 0 0.5 1
u

-0.4

-0.2

0

0.2

0.4

u’
 o

r 
f(

u)

Unstable

u’ > 0

u’ < 0

[)+5 $ ` 3� 3af � STBHC TEMMGMSTB QDC x	EHISDT '' X ABCB IKB
JMDN B � ��� HTF IKB CDDI SJ ETJIHOMB X

-0.5 0 0.5 1 1.5
u

-0.4

-0.2

0

0.2

0.4

u’
  o

r 
 f

(u
)

Unstable

Stable

u’ > 0

u’ < 0

[)+5 $ ` 3� 3` f �EHFCHISG TEMMGMSTB QDC x	EHISDT '' X YKB MBQI
CDDI SJ ETJIHOMB t IKB CSUKI CDDI SJ JIHOMB

7#0*$ 3 b/ ,-$ $ 8$ $ *! )*,$ '$.,)!*' < ,-$* 0+0)* < ,-$" $-0()! )' *!, )*,$ $',)*+ 3 ]! ,-$'$ ,8! )*,$ '$.,)!*' $7 $'$*, ` $45)#)" )0 < !*$ ',0" #$ 0*1 !*$ 5*',0"#$ 3]$$ [)+5 $ oo 3
�$D, 8$ 011 ,-$ .5"). ,$ % 0*1 -0($

1�
1� � � � � �� � � 7� � ��� � � ��� � =` 3� 30 >

�!8 < )* ,-$ =� � � � > 7 #0*$ < 8$ -0($ .!*',0*,' < � � '5.-,-0, ,-$ $ 0 $ � )*,$ '$.,)!*' 8 ),- � � � � 3 0*1 1$&7 $*1)*+ !* ,-$ (0#5$' !/ ,-$ � � < 8$ $),-$ -0($ ,8!',0"#$ 0*1 !*$ 5*',0"#$ $45 )#)" )5% ! 8$ -0($ ,8!5*',0"#$ 0*1 !*$ ',0"#$ $45 )#)" )5% 3 [)+5 $ oo 1)'&7 #02' ,-$ .5"). 8-$ $ 8$ -0($ ,8! ',0"#$ 0*1 !*$5*',0"#$ $45)#)" )5% 3
�!8 8-0, )' )*,$ $',)*+ 0"!5, ,-)' / !% 0 ")!#!+)&.0# % !1$#)*+ 7 $ '7 $.,)($� ?0*2 ")!#!+).0# 7 !.$''$'" $-0($ #)6$ '8 ),.-$' 3 � *$5 !* )' $),-$ )* ,-$  $',',0,$ ! ,-$ $D.),$1 ',0,$ 3 � .0 1)0. .$## )' $),-$ )*

`a



-0.5 0 0.5 1 1.5
Potential, U

-0.5

0

0.5

N
ul

lc
lin

e,
 d

U
/d

t, 
f(

U
) u’ > 0

u’ < 0

stable stable
unstable

[)+5 $ ` 3� 3� f �EOSG TEMMGMSTB QDC x	EHISDT '' X YKB MBQI CDDI
SJ ETJIHOMB t IKB CSUKI CDDI SJ JIHOMB

,-$  $', ',0,$ ! ,-$ $D.),$1 ',0,$ & 0*1 , 0*'#0,$1,! %5'.#$ < ,-$ %5'.#$ )' $),-$  $',)*+ ! .!*, 0.,$1 3:$ .0* $($* #!!6 0, , 0*'. )7,)!* 3 _),-$ ,-$ +$*$ )'" $)*+ $D7 $''$1 ! *!, 3
� ## !/ ,-$'$ 7 ! .$'' -0($ )* .!%%!* < '8 ),.-&#)6$" $-0()! 3 [ !% 0 %!1$##)*+ 7$ '7 $.,)($ < ), % $0*',-0, ,-$ % )* )% 0# .!%7#$D %!1$# /! 1$'. )")*+ 0'8 ),.-  $45 ) $' 0 .5"). /5*.,)!* !* ,-$  )+-, -0*1')1$ !/ ,-$ e�_ 8-).- % $0*' ,-0, !*#2 *!*#)*$0 '2',$% ' .0*  $7 $'$*, '8 ),.-)*+ "$-0()! 3 � #'! < ,-$% )11#$ < 5*',0"#$ $45)#)" )5% <  $7 $'$*, 0 ,- $'-!#1 3]! 0## '8 ),.-$' %5', -0($ 0 ,- $'-!#1 < 0*1 8$ '-!5#1" $ 0"#$ ,! 1$')+* $D7$ )% $*,' ,!  $($0# ,-$ ,- $'-!#1 3

�!8 < 0 1)', 0.,)!* 3 b/ ,-$ $ )' 1)95')($ .!57#)*+ " $&,8$$* '8 ),.-$' 0*1 0## 0 $ )*),)0##2 )* ,-$ '0% $ ',0,$ <,-$* 0' !*$ '8 ),.- )' /! .$1 ,! .-0*+$ ',0,$' < ,-$'8 ),.-$' ,! ,-$ #$/, 0*1  )+-, .0* 7!,$*,)0##2 "$ )*&15.$1 ,! '8 ),.- =)/ ,-$ 1)95')($ $#$% $*, /! .$' ,-$#!.0# (0#5$ !/ 5 ,! $D.$$1 ,-$ '8 ),.-)*+ ,- $'-!#1>0*1 ,-$  $'5 #, 8 )## " $ 0 7 !70+0,)*+ 80($ 3
b, )' $D.),)*+ ,! '$$ ,-$ ($ )E .0,)!* !/ 0 ,-$! $,&).0# 0 +5% $*, =0"!($ ,02#! $D70*')!* !/ 0* 0 ")&, 0 2 /5*.,)!* > )*  $0# ")!#!+).0# '2',$% ' 3 b* E+5 $oo 8$ '$$ ,-$ .5  $*, (!#,0+$  $#0,)!*'- )7 % $0'5 $1)* 0* )'!#0,$1  0""), .0 1)0. 0, )0# .$## 3 \ ')*+ ,-$(!#,0+$ .#0%7 7 ! .$15 $ < ,-$ 7!,$*,)0# 80' + 0150##2)*. $0'$1 / !% *$+0,)($ ,! 7!'),)($ 0*1 ,-$ .5  $*,0''!.)0,$1 8 ),- $0.- 7!,$*,)0# 80'  $.! 1$1 3 C-$  $&'5#,0*, )1( )' 0 450')&',$012 ',0,$ 0*1 1!$' *!, 0.&.5 0,$#2  $h$., ,-$ 12*0% ).' !/ 0 .0 1)0. =! *$ ($>.$## 3 �$($ ,-$#$'' < ,-$ .5"). *0,5 $ )' .#$0 #2 '$$*=15$ ,! .0#.)5% .-0**$#'> 3
�!8 ,-$ /5* 70 , !/ %!1$#)*+ )' ,! #)*6 ,-$ .5")./5*.,)!* ,! '!% $  $0# % $.-0*)'% 3 b* ,-$ .0'$ !/ .0 &

-100.0 -80.0 -60.0 -40.0 -20.0 0.0 20.0
Membrane Potential (mV)

-200.0

-100.0

0.0

100.0

200.0

Current/Voltage Relationship:
Cultured Rabbit Atrial Cell

Stable Equilibrium

Cm

GkGNa

[)+5 $ ` 3� 30 f �ECCBTI LDMIHUB CBMHISDTJKSN DOIHSTBF QCDP
LDMIHUB GMHPN JIEFSBJ DQ GEMIECBF CHOOSI GHCFSHG HICSHM GBMMJ X
)DIB IKB GEOSGyMSVB O BKHL SDC

1)0. 0*1 *$5 !*0# .$##' < ,-$ .5"). /5*.,)!*  $7 $'$*,,-$ )*',0*,0*$!5' .5  $*,&(!#,0+$  $#0,)!*'- )7 !/ ,-$.$## 3 :$ 0 $ 5*'5 $ 8-0, ,-$ .5"). /5*.,)!*  $7 $&'$*,' )* 0 +$*$ $D7 $'')!* '2',$% 3

F �� j �HPl���HP R L�K� �X Q��
��P� ��U � ��X� ��L� �G X

C-$ ! 1$ !/ 0 1)9$ $*,)0# $450,)!* )' 1$,$ % )*$1 "2,-$ -)+-$', 1$ )(0,)($ ,-0, 077$0 ' )* ,-$ $450,)!* 3
� E ', ! 1$ 1)9$ $*,)0# $450,)!* -0' !*#2 ,-$ E ',1$ )(0,)($ !/ ,-$ /5*.,)!* !/ )*,$ $', 3 C-$'$ $450,)!*',06$ ,-$ =+$*$ 0#> /! % f

1�
1� � � =� >� � � =� > � =` 3' 3a>

8-$ $ � =� > 0*1 � =� > 0 $ 6*!8* /5*.,)!*' 0*1 � )'0* 5*6*!8* /5*.,)!* !/ � 3
� �� �� � "�)$"# ��#-&$�' � �)" +

� #"'+ �'"#�  $ 
e/,$*,)% $' 8$ .0* +0,-$ 0 +!!1 1$0# !/ 450#),0,)($)*/! % 0,)!* 0"!5, 0 '!#5,)!* ,! 0 1)9$ $*,)0# $450&,)!* 8 ),-!5, +!)*+ ,- !5+- ,-$ , !5"#$ !/ E*1)*+ 0*

``



0*0#2,). ! *5% $ ).0# '!#5,)!* 3 b*',$01 < 8$ .0* ')% &7#2 #!!6 /! $45)#)" )5% 7!)*,' < ! 7!)*,' 8-$ $ ,-$1$ )(0,)($ )' ;$ ! < 0*1 1$,$ % )*$ 8-$,-$ ,-$ /5*.&,)!* %!($' ,!80 1 ! 0802 / !% ,-$'$ 7!)*,' 0' ,)% $70''$' +)()*+ 5' ,-$ 0'2%7,!,). "$-0()! !/ ,-$ /5*.&,)!* 8 ),-!5, -0()*+ ,! '!#($ /! ), 3
����� �� � �� ���� ���� ���� �� �����
^!*')1$ ,-$ 1)9$ $*,)0# $450,)!* f

1�
1� � �`� � 0 � =` 3' 3`>

: -$* � =�> � �0�` � �` < 1� �1� � � � C-5' < )/� =� > � �` < ,-$* /! 0*2 (0#5$ !/ � < � =�> � �` < ')*.$,-$ 1$ )(0,)($ 8 )## 0#802' " $ ;$ ! 3 C-5' � =�> � �` )'.0##$1 0* $45)#)" )5% ')*.$ ), 8 )## *!, .-0*+$ 3 �!8&$($ )/ � =� >  �` < ,-$* ,-$ 1$ )(0,)($ 8 )## " $ *$+0,)($ <0*1 ,-5' < 0' � + !8 ' #0 +$ 0*1 #0 +$ < � =�> 8 )## .!*&($ +$ ,! �` 3 C-)' )' $0')#2 '$$* "2 ')%7#2 7#5++)*+)* 1)9$ $*, (0#5$' /! � ,-0, 0 $ + $0,$ ,-0* �` 3 [! $D0%7#$ < )/ � � � < ,-$* 1� �1� � �0 3 b/ � � a�� <,-$* 1� �1� � � a'� � � )6$8 )'$ < )/ � =� > � �` < ,-0* ,-$1$ )(0,)($ 8 )## " $ 7!'),)($ /! 0## (0#5$' !/ � 0*1 � =�>8 )## 077 !0.- �` / !% "$#!8 0' � +!$' ,! )*E*),23])*.$ ,-$ #)*$ � =�> � �` )' 077 !0.-$1 / !% 0"!($8-$* � =�>  �` 0*1 "$#!8 8-$* � =�> � �` < ), )'.0##$1 0 ���� ! 0 ����	� �����3 C-)' )' " $.05'$ '% 0##7 $ ,5 "0,)!*' ,! ,-$ '2',$% 0, ,-)' 7!)*, 8 )## !*#2#$01 "0.6 ,! ), 3 C-0, )' < )/ ,-$ '2',$% )' 0, � =�> � �`0*1 '!% $ !5,')1$ /! .$ 6*!.6' ), ,! � =�> � � a �'�! � =�> � �` ��` < ), 8 )## 0'2%7,!,).0##2  $,5 * ,!� =�> � �` 3[)+5 $ oo '-!8 ' 0* 0.,50# 7#!, !/ ,-$ 7-0'$ #)*$' <! '#!7 $' /! (0 )!5' (0#5$' !/ � 0*1 � =�> 3 �5$ ,! ,-$/0., ,-0, ,-$ $ 0 $ *! / $$ )*',0*.$' !/ � )* _450&,)!* oo < ,-$ '#!7 $' 0 $ ,-$ '0% $ /! $0.- (0#5$ !/ � 3b* ,-)' )##5 ', 0,)!* < ), )' $0'2 ,! '$$ ,-$ ',0" #$ 7!)*,� =�> � �` 0*1 -!8 ,-$ '#!7$ !/ 0*2 7!)*, 0"!($ ! " $#!8 ,-)' #)*$ 7!)*,' ,!80 1 ), 3 [)+5 $ oo 1$%!*&', 0,$' -!8 ,-0,  $+0 1#$'' !/ ,-$ )*),)0# .!*1),)!* < 0'
� +$,' #0 +$ < ,-$ '!#5,)!* 8 )## .!*($ +$ !* ,-$ ',0"#$$45)#)" )5% 3 [)+5 $ oo '-!8 ' -!8 0 *5##.#)*$ + 07- $7 $'$*,' ,-$ '0% $ )*/! % 0,)!* 3 � �
����� �� � �� ���� �� ���� �� ��� � ������ ���
^!*')1$ ,-$ .5"). 1)9$ $*,)0# $450,)!* f

1�
1� � =� � a> =� � `> =� � �> � =` 3' 3�>

8-$ $ 1� �1� � � 8-$* � =�> � a< � =�> � ` 0*1� =�> � � 3 g2 7#5++)*+ )* 1)9$ $*, (0#5$' /! � < 8$ .0*

–3

–2

–1

0

1

2

3

y(t)

–3 –2 –1 1 2 3
t

[)+5 $ ` 3' 3af � �KHJB � MDI QDC x	EHISDT '' X YKBCB SJ H
JSTUMB t JIHOMB B	ESMSOCSEP HI � ��� � �� X

–3

–2

–1

0

1

2

3

y(t)

–3 –2 –1 1 2 3
t

y(0) = 1

y(0) = −3

[)+5 $ ` 3' 3` f � �KHJB NMHTB QDC x	EHISDT '' t R SIK IKB JDy
MEISDTJ QDC IKB ST SISHM GDTFSISDTJ t � � ! t � ��� � � HTF � � ! t
� ��� � �� X )DISGB KDR t CBUHCFMBJJ DQ R KBIKBC DC TDI IKB ST SISHM
GDTFSISDT NEIJ � ��� HODLB DC O BMDR IKB JIHOMB B	ESMSOCSEP t HJ �UCDR J t IKBs ODIK GDTLBCUB ID SI X

`�



-3 -2 -1 0 1 2 3
y(t)

-10

-8

-6

-4

-2

0

2

d
y
/d

t
Derivative > 0
Derivative < 0

[)+5 $ ` 3' 3� f � TEMMGMSTB QDC x	EHISDT '' X r KBT � � �� t IKBFBCSLHISLB SJ N DJSI SLB X r KBT � � �� t IKB FBCSLHISLB SJ WBCD t HTF
IKEJ t IK SJ SJ HT B	ESMSOCSEP NDSTI X &DC � � �� t IKB FBCSLHISLB
SJ TBUHISLB X �STGB IKB FBCSLHISLB SJ NDJSI SLB DT IKB MBQI HTF
TBUHISLB DT IKB CSUKI t � ��� � �� SJ H JIHOMB B	ESMSOCSEP

1$,$ % )*$ ,-$ '#!7$ 0, 1)9$ $*, 7!)*,' 3 b* ,-)' .0'$ <8$ $*1 57 8 ),- !*$ ',0"#$ 7!)*, < � =�> � ` 0*1 ,8!
������	� 7!)*,' < � =�> � a 0*1 � =�> � � 3 g2 5*',0"#$ <8$ % $0* ,-0, )/ ,-$ '2',$% )' 0, � =�> � a ! � < 0*1 ),)' 7$ ,5 " $1 '#)+-,#2< ), 8 )## *!,  $,5 * ,! ),' ! )+)*0#',0,$ 3 b*',$01 < ), 8 )## $),-$ %!($ ,!80 1 � =�> � `! �� 3 C-)' )' )##5', 0,$1 )* [)+5 $ oo 3 [ )+5 $ oo'-!8 ' ,-$ $45)(0#$*, 7-0'$ )*/! % 0,)!* .!*,0)*$1 )*0 7 #!, !/ ,-$ *5##.#)*$ 3 : -$* ,-$ )*),)0# .!*1),)!*'0 $ 6*!8* < '7$.)E. '!#5,)!*' .0* "$ 7 #!,,$1 0*1 ,-)')' '-!8* )* [)+5 $ oo 3 � �

����� �� � �� ���� �� ���� �� ��� � ������ ���

^!*')1$ ,-$ .5"). 1)9$ $*,)0# $450,)!* f
1�
1� � =� � a> =� � `> =� � � > � =` 3' 30 >

8-$ $ 1� �1� � � 8-$* � =�> � a< � =�> � ` 0*1� =�> � �� 3 �+0)* < "2 7#5++)*+ )* 1)9$ $*, (0#5$'/! � < 8$ .0* 1$,$ % )*$ ,-$ '#!7$ 0, 1)9$ $*, 7!)*,' 3b* ,-)' .0'$ < 8$ $*1 57 8 ),- ,8! ',0" #$ 7!)*,' 0*1!*$ 5*',0"#$ 7!)*, 3 C-)' )' )##5', 0,$1 )* [)+5 $ oo 3
� �

0

1

2

3

4

y(t)

–2 –1 1 2
t

[)+5 $ ` 3' 30 f � �KHJB NMHTB QDC x	EHISDT '' t B	ESMSOCSH HI
� ��� � � t � ��� � � HTF � ��� � � X YKB B	ESMSOCSEP HI � ��� �
� SJ JIHOMB JSTGB IKB JMDN BJ SPPBFSHIBMs HODLB HTF OBMDR SI
GDTLBCUB ID SI X

0 1 2 3 4 5
y(t)

-3

-2

-1

0

1

2

d
y
/d

t

Derivative > 0
Derivative < 0

[)+5 $ ` 3' 3� f � TEMMGMSTB QDC x	EHISDT '' X YKBCB SJ DTB
JIHOMB B	ESMSOCSEP HI � � � t RKBCB IKB FBCSLHISLB ID IKB MBQI SJ
N DJSI SLB HTF IKB FBCSLHISLB DT IKB CSUKI SJ TBUHISLB X YKB DIKBC
IRD B	ESMSOCSH HCB ETJIHOMB X

`0



0

1

2

3

4

y(t)

–2 –1 1 2
t

y(0) = 3.1

y(0) = 3

y(0) = 2.5

y(0) = 1.5

y(0) = 0.9

[)+5 $ ` 3' 3� f � �KHJB NMHTB QDC x	EHISDT '' t R SIK JDMEy
ISDTJ R SIK IKB ST SISHM GDTFSISDTJ JBI ID � �!� � � �� t � �!� � � t
� �!� � � � t � �!� � � � HTF � �!� � ! �� X )DISGB KDR BLBT IKDEUK
� ��� � � SJ HT ETJIHOMB B	ESMSOCSEP t HTF IKEJ t JDMEISDTJ R SMM TDI
GDTLBCUB DT SI t SQ IKHI SJ RKBCB sDEC JDMEISDT OBUSTJ t SI R SMM TDI
FBLSHIB QCDP SI R SIKDEI JDP B DIKBC QDCGB HGISTU DT SI X

0

1

2

3

4

y(t)

–2 –1 1 2
t

[)+5 $ ` 3' 3� f � �KHJB � MHTB QDC x	EHISDT '' X YKBCB HCB
IRD JIHOMB B	ESMSOCSH HI � � � HTF � � � HTF HT ETJIHOMB
B	ESMSOCSEP HI � � � X

� �� �� �+�" "&$�' � � �" $"� #+ 
�!8 1! 8$ '!#($ _450,)!* oo� C-0, )' < -!8 1! 8$ 1$&,$ % )*$ 8-0, _450,)!* oo )' ,-$ 1$ )(0,)($ !/ � [) ', <8$ *!,$ ,-0, 8$ .0* '$70 0,$ ,-$ ,8! (0 )0"#$' < � 0*1
� < "2 %5#,)7#).0,)!* 3 C-0, )' <

1�� � ��1� �
b*,$+ 0,)*+ "!,- ')1$' 7 !15.$'

#* =� > � ��� � � � =` 3' 3�>
8-$ $ � )' ,-$ .!%")*0,)!* !/ ,-$ ,8! )*,$+ 0,)!*.!*',0*,' 3 \ ')*+ $0.- ')1$ 0' 0* $D7!*$*, < 8$ -0($

� �� �� 
 � ������� � �� ����
� � ���� �

8-$ $ � � �� 3
C-)' % $,-!1 .0* "$ 5'$1 ,! '!#($ "!,- #)*$0 0'8$## 0' *!* #)*$0 ! 1)*0 2 1)9$ $*,)0# $450,)!*' 3 _D&0%7#$ oo +)($' 0* $D0%7#$ !/ 0 '!#5,)!* ,! 0 4501 0,).*!*#)*$0 e�_ 0*1 �77$*1)D oo '-!8 ' -!8 ,! 5'$'$70 0,)!* !/ (0 )0" #$' ,! '!#($ 0 .5"). *!*#)*$0 e�_ 3

����� �� � �� �� �� ��������� ��� �
:$ 8)## "$+)* 8 ),- 0 4501 0,). e�_ ,-0, )' !/,$*5'$1 ,! %!1$# 7!75#0,)!* + !8,- =") ,- 0*1 )%% )&+ 0,)!* > 0*1 1$.02 =1$0,- 0*1 $% )+ 0,)!* > 3

1�
1� � � =
 � � > =` 3' 3� >

_450,)!* oo .0* "$ '!#($1 5')*+ ,-$ %$,-!1 !/'$7 $ 0,)!* !/ (0 )0"#$' 3 :$ "$+)* "2 '$70 0,)*+ �/ !% � "2 %5#,)7 #.0,)!* 3 C-0, )' <
1�
1� � � =
 � � >

1�� =
 � � > � 1�
� 1�� =
 � � > � � 1� =` 3' 3�>

C-$ )*,$+ 0# !* ,-$  )+-,&-0*1 ')1$ .0* "$ $0')#2'!#($1 !*.$ ), )' " !6$* 1!8* )*,! ')%7#$ .!%7!&*$*,' 3 C-)' .0* "$ 1!*$ 5')*+ ,-$ % $,-!1 !/ 70 ,)0#
`�



/ 0.,)!* 1$.!%7!'),)!* 3 C-0, )' <
a� =
 � � > � �� � �


 � �
a � �� =
 � � >� � � � =
 � � >


 � �
a � � =
 � � > � � �
a � � 
 � � =� � � >

0*1 � � 7� 0*1 � � 7� < ,-5' <
a� =
 � � > � a


� � a

 =
 � � >

a� =
 � � > � a

 � a� � a


 � � � =` 3' 3�>
=` 3' 3'>

]5"',),5,)*+ _450,)!* oo /! ,-$ / 0.,)!* )* !* ,-$#$/, ')1$ !/ _450,)!* oo +)($' 5' ,-$ /! ##!8 )*+ f
a


� � a� � a


 � � � 1� � � � �

a

 =#!+ �� � � #!+ �
 � � �> � � � �

#!+ � �� �
�
 � � �� � 
 � � �

�� �
�
 � � � � ����� � ��� �� � � ���
�
 � � �

�� � � � ����

� � a � � ����


� � a � � ����

� � 

a � � ����

� �

� �� �� �'&+* "&$'* �"&�  
\')*+ )*,$+ 0,)*+ /0.,! ' )' 0 5'$/5# , ).6 ,! 5'$ 8-$*2!5 .0* *!, '$70 0,$ ,-$ 1)9$ $*, (0 )0"#$' ! < )/ 2!50 $ 0"#$ ,! '$70 0,$ ,-$ (0 )0"#$' < ,-$ )*,$+ 0,)!* )',!! 1)B .5#, 3 �$ $ 8$ 8 )## 7 $'$*, 0* $D0%7#$ !/ -!8)*,$+ 0,)*+ /0.,! ' 0 $ 5'$1 0*1 ,-$* +)($ 0 +$*$ 0#/! %5#0 /! ,-)' % $,-!1 3C-$ ')%7#$', e�_' 0 $ #)*$0 8 ),- .!*',0*, .!$/&E.)$*,' f

1�
1� � � =� � �> � ��� � � =` 3' 3a� >

8-$ $ � )' 0 .!*',0*, 3 �!5 %02 -0($ +5$''$1 ,-0, ,-)')' ')% )#0 ,! _450,)!* oo < 8 ),- 0 ')% )#0 '!#5,)!* < ,-$$D7!*$*,)0# /5*.,)!* =_450,)!* oo> 3 C-$ !*#2 1)9$ &$*.$ -$ $ )' ,-0, ,-$ $ )' 0* 011$1 .!*',0*, 3 C-5' <d 5 ', 0' 2!5 8!5#1 $D7$., < ,-$ '!#5,)!* )' $D7!*$*,)0#7 #5' 0 .!*',0*, 3 ]!#()*+ ,-)' $450,)!* < -!8$($ < 5'$'0 , ).6 < 0* )*,$+ 0,)*+ /0.,! < 0*1 )* ,-)' .0'$ ,-$)*,$+ 0,)*+ /0.,! )' ��� 3 C-$ % 0)* )1$0 )' ,! %5#,)&7 #2 ,-$ $450,)!* "2 0 8$## .-!'$* )*,$+ 0,)*+ /0.,! ,-0, % 06$' ,-$ )*,$+ 0,)!* ')%7#$ 3 C-$ ,0'6 !/ .-!!'&)*+ 0 +!!1 )*,$+ 0,)*+ /0.,! .0* "$ "!)#$1 1!8* ,!/!##!8 )*+ 0 ',0*10 1 /! %5#0 < '! < !($ 0## < E*1)*+ ,-$'!#5,)!* )' *!, ,!! -0 1 3 C-5' < ',0 ,)*+ / !% _450&,)!* oo < 8$ .0* %!($ $($ 2,- )*+ ,! !*$ ')1$ <
��
�� � �� � � � � =` 3' 3aa>

0*1 %5#,)7#2 ,- !5+- "2 ��� f
��� 1�1� � �� ��� � ���� � 1

1� n� ��� p � ���� � � �

:$ .0* *!8 )*,$+ 0,$ "!,- ')1$' !/ ,-$ $450,)!* 0*1+$, f � ��� � �
� �

�� � � � �
8-$ $ � )' 0* 0 "), 0 2 )*,$+ 0,)!* .!*',0*, ,-0, )'1$,$ % )*$1 "2 ,-$ )* ),)0# .!*1),)!*' 3C! E*0##2 '!#($ ,-$ $450,)!* 8$ %5#,)7#2 ,- !5+-"2 ���� +)()*+ 5' f

� � �
� � � ���� � � �

! � � �� ���� � �
� � =` 3' 3a`>

C! '!#($ /! � < 8$ #$, � � � 0*1 ,-5' <
� =� > � �� � �

� �
! 

� � � =� > � �
� �

0* ,-$ .!%7#$,$ '!#5,)!* )' 8  ),,$* 0'
� � � =� =�> � �

� >���� � �
� � =` 3' 3a� >

C! ($ )/2 !5 '!#5,)!* )' .!  $., 8$ .0* ,06$ ,-$1$ )(0,)($ !/ _450,)!* oo < 7 #5+ ), )*,! _450,)!* oo0*1 %06$ '5 $ ,-0, $($ 2,-)*+ .0*.$#' !5, 3 C-0, )' <
1�
1� � � =� =�> � �

� >����
� =�� =�> � �>���� =` 3' 3a0 >

`�



0*1 / !% _450,)!* oo
�� � � 1�

1� � �
� � =�� =�> � �>���� � � � =` 3' 3a�>

�#5++)*+ ,-$  $'5#,' !/ _450,)!*' oo 0*1 oo )*,!_450,)!* oo < 8$ -0($
1�
1� � �� � �

� =�� =�> � �>���� � =�� =�> � �>���� � � � �
� � �

8-).- )' $D0.,#2 8-0, ), '-!5#1  $15.$ ,! 3b* +$*$ 0# < + )($* ,-$ $450,)!*
1�
1� � � =� >� � � =� > � =` 3' 3a� >

,-$ '!#5,)!* /! � =� > .0* "$ /!5*1 8 ),- ,-$ /! %5#0
� =� > � n� =� >p�7 �� � =� >� =� >1� � �� � =` 3' 3a�>

8-$ $ � =� > )' ,-$ )*,$+ 0,)*+ /0.,! 0*1
� =� > � $D7 �� � =� >1�� � =` 3' 3a� >

����� �� � �� �� ��
b* _D0%7#$ oo 8$ . $0,$1 ,-$ e�_ f

1�
1� � 	 =��� � � > � 
� �

8-).- .0* $0')#2 " $ '!#($1 5')*+ ,-)' % $,-!1 3 [!#&#!8 )*+ !5  $.)7$ < 8$ -0($ f
1�
1� � � =	 � 
 > � 	��� � �

� �	� �
� 1�1� � � =	 � 
 >� �	� �
� � 	��� � �	� �
� � �
1
1� � � �	� �
� � 	��� � �	� �
� � � �

0*1 0/,$ )*,$+ 0,)*+ "!,- ')1$' 8 ),-  $'7 $., ,! � < 8$-0($ f� � �	� �
� � 	���
=	 � 
 > � �	� �
� � � � �

� � 	���
=	 � 
 > � � �� �	� �
� � �

� � 	���
=	 � 
 > � � �� �	� �
� �

:$ .0* *!8 '!#($ /! � "2 '$,,)*+ � � � f
� =�> � 	���

=	 � 
 > � �

� � 	���
=	 � 
 > � � =�> �

%06)*+ !5 +$*$ 0# '!#5,)!* f
� =�> � 	���

=	 � 
 > � � 	���=	 � 
 > � � =�>� �� �	� �
� �
! 

� =�> � ���
=a � �	 > �

� ���
=a � �	 > � � =� >� �� �	� �
� �

� �

F ��� j �HPl���HP R L�K� �X Q��
��P� ��U �L���� ��L�
�G X

]$.!*1 ! 1$ 1)9$ $*,)0# $450,)!*' )*(!#($ 0 '$.!*11) (0,)($ !/ ,-$ /5*.,)!* !/ )*,$ $', 3 C-$'$ $450,)!*',06$ ,-$ =+$*$ 0#> /! % f
� =� > 1 ��

1� �
� � =� > 1�

1� � � =� >� � � =� > �
8-$ $ � =� > < � =� > 0*1 � =� > 0 $ 0## 6*!8* .!*,)*5!5'/5*.,)!*' 0*1 � )' 0 /5*.,)!* !/ � 3 b/ � =� > � � < ,-$*_450,)!* oo )' .0##$1 � �� � ������ 3 b/ � =� > �� � < ,-$*), )' .0##$1 ���� �� � ������ 3

0$*$ 0##2< '!#5,)!*' ,! '$.!*1 ! 1$ e�_' 0 $ -0 1,! .!% $ "2 5*#$'' � =� > < � =� > 0*1 � =� > 0 $ 0## .!*&',0*, /5*.,)!*' 3
� ��� �� ��!�*+'+�- ��! � $&) (�'�

 &"'& (�+�  $+'& 
� -!%!+$*$!5' 1)9$ $*,)0# $450,)!* 8 ),- .!*',0*,.!$B .)$*,' -0' ,-$ /! % f

� 1��
1� �

� � 1�
1� � �� � � � =` 3a� 3a>

8-$ $ � < � 0*1 � 0 $ .!*',0*,' 0*1 � �� � 3 ]!#5,)!*'/! _450,)!* oo .0* "$ /!5*1 "2 E ', '!#()*+ /! � )*,-$ $450,)!*
�� � � �� � � � � � =` 3a� 3`>

_450,)!* oo )' .0##$1 ,-$ �� ����������� �/������ ! 
��" �	���� �/������ 0*1 ), )' !",0)*$1 / !% _450,)!*

`�



oo "2  $7#0.)*+ � �� 8),- � � < � � 8),- � 0*1 � "2 a3]!#5,)!*' /! � .0* "$ /!5*1 5')*+ ,-$ 4501 01). /! &%5#0 f
� 7 � �� � � �� � 0��

`�
�� � �� � � �� � 0��

`� �

]!#5,)!*' /! _450,)!* oo .0* ,-$* "$ . $0,$1 / !%,-$ '!#5,)!*' /! � 3 � $7 $*1)*+ !* ,-$ 70 ,).5#0 '!&#5,)!*' /! � < ,-$ $ 0 $ ,- $$ 7!'')"#$ /! % ' /! ,-$'!#5,)!* ,! _450,)!* oo f
a3 b/ � 7 �� �� 0*1 "!,- 0 $  $0# (0#5$1 '!#5,)!*' <,-0, )' ,! '02< �� � 0��  � < ,-$*� � �7��

� � ����� �
` 3 b/ � 7 � �� < " $.05'$ �� � 0�� � � < ,-$*� � � 7��

� � �����
� �

� 3 b/ � 7 � �� �� 0*1 �� � � � �� < " $.05'$ �� � 0�� �
� < ,-$* � � �� =� 7 ')* =�� > � �� .!' =�� >> �

� ��� �� ��')�!�*+'+�- ��! � $&)
(�' &"'& (�+�  $+'& 

� *!*-!%!+$*$!5' 1)9$ $*,)0# $450,)!* 8 ),- .!*&',0*, .!$B .)$*,' -0' ,-$ /! % f
� 1��
1� �

� � 1�
1� � �� � � =� > � =` 3a� 3� >

8-$ $ � < � 0*1 � 0 $ .!*',0*, .!$B .)$*,' 0*1 � =� > )'0 .!*,)*5!5' /5*.,)!* 3C! '!#($ $450,)!*' 8 ),- ,- )' /! % ,-$ $ 0 $ ,8!7 )% 0 2 % $,-!1' 3 C-$ E ', !*$ )' .0##$1 *� � 0 ��� ��
�� �������� ���� 4��' ������ 0*1 ,-$ '$.!*1 )' .0##$1
*�� 0 ��� �� �� ��������� �� ? ���� ����� 3 g$.05'$ ,-$E ', % $,-!1 )' .!*.$7,50##2 45 ),$ ')%7#$ =0#,-!5+-), 1!$' -0($ 0 /$8 !11),)$' ,-0, 2!5 *$$1 ,!! #!!6!5, /! > 0*1 .0* "$ $D,$*1$1 ,! )*.#51$ %0, )D '!#5&,)!* %$,-!1' < 1)'.5''$1 )* ]$.,)!* oo < ), 8 )## " $ ,-$% $,-!1 8$ 5'$ -$ $ 3� � #'! 8! ,- *!,)*+ )' ,-0, ,-$$D7#0*0,)!*' +)($* -$ $ 0 +$0 $1 ,!80 1 '!#()*+ '7 $&.)E. 7 !"#$% ' 0*1 /! 0 ,-! !5+-#2 +$*$ 0# $D7!'),)!*!* ,-$'$ ,!7).' ,-$  $01$ )' $*.!5 0+$1 ,! ,5 * ,! nop0*1 nop 3

�#HCSHISDT DQ �HCHP BIBCJ HMJD BuIBTFJ TSGBMs ID STGMEFB P Hy
ICSu JDMEISDT P BIKDFJ X

2$+0 1#$'' !/ 8-).- % $,-!1 2!5 5'$ < ), )' )%7! &,0*, ,! 6*!8 ,-0, 0 +$*$ 0# '!#5,)!* ,! 0 *!*-!%!&+$*$!5' 1)9$ $*,)0# $450,)!* -0' ,-$ /! % f� =� > � � � =� > � �� =� > �
8-$ $ � � =� > 0*1 �� =� > 0 $ #)*$0 #2 )*1$7$*1$*, � � =� >)' ,-$ +$*$ 0# '!#5,)!* ,! ,-$  $#0,$1 -!%!+$*!5'$450,)!*

� 1��
1� �

� � 1�
1� � �� � � �

0*1 )' .0##$1 ,-$ ���� 	�� ������ �/������ 3 � � =� > .0*"$ 1$ )($1 5')*+ ,-$ %$,-!1 +)($* )* ]$.,)!* oo 3�� =� > )' ,-$ 70 ,).5#0 '!#5,)!* ,! _450,)!* oo 0*1.0* "$ 1$ )($1 5')*+ �������� ���� 4��' ������ ! 
��������� �� ? ���� ����� 3C-$ % $,-!1 !/ 5*1$,$ % )*$1 .!$B .)$*,' ')%7#2'$,' �� =� > ,! 0 +$*$ 0# 7!#2*!% )0# !/ ,-$ '0% $ 1$&+ $$ 0' � =� > 0*1 ,-$* ,-)' )' '5"'),5,$1 )*,! ,-$ 1)/&/$ $*,)0# $450,)!* ,! '!#($ /! ,-$ .!$B .)$*,' 3 C-0,)' ,! '02< )/ � =� > � � � < ,-$* 8$ ',0 , 8 ),- �� =� > ��� � � � � � � 3 b/ � =� > � �� < ,-$* �� =� > � � �� <0*1 )/ � =� > � ')* � < ,-$* �� =� > � � .!' � � � ')* � 3C-$ !*#2 ')+*)E.0*, .0,.- )' 8-$* � =� > -0' ,-$ '0% $/! % 0' � � =� > 3 C-$ $9$., !/ ,-)' 8!5#1 % 06$ � � =� >0*1 �� =� > #)*$0 #2 1$7 $*1$*, 3 b* ,- )' .0'$ < 8$ ')%7#2%5#,)7#2 �� =� > "2 � < ! � � < 8-).-$ ($ % 06$' �� =� >#)*$0 #2 )*1$7 $*1$*, / !% � � =� > 3
����� �� � ��� �� ��
C! E*1 0 '!#5,)!* ,! ,-$ $450,)!* f

1��
1� �

� 1�
1� � `� � ')* � � =` 3a� 30 >

8$ E ', E*1 0 '!#5,)!* ,! ,-$ .!%7#$% $*,0 2 $450,)!*
1��
1� �

� 1�
1� � `� � � �

:$ 1! ,-)' "2 8 ),)*+ !5, ,-$ .-0 0.,$ )',). $450,)!*
� � � � � ` � �

8-).- -0'  !!,' � 7 � a 0*1 �� � �` 3 g2 5')*+ ,-$ 5#$' /!5*1 )* ]$.,)!* oo 8$ 6*!8 ,-0, ,-$ +$*$ 0#'!#5,)!* ,! ,-$ .!%7#$% $*,0 2 $450,)!* )'� � =� > � �7� � �� ��� �
C! 1$,$ % )*$ �� =� > < 8$ ',0 , 8 ),-�� =� > � � .!' � � � ')* � �

`�



� )9 $ $*,)0,)*+ +)($' 5' f� �� =� > � �� ')* � � � .!' �� ��� =� > � �� .!' � � � ')* � �
:$ *!8 '5"',),5,$ ,-$'$ $450,)!*' )*,! _450,)!* oo0*1 0,,$%7, ,! '!#($ /! ,-$ .!$B .)$*,' 3 C-5' <

=�� .!' � � � ')* � > � =�� ')* � � � .!' � >
� ` =� .!' � � � ')* � > � ')* �

8-).-  $15.$' ,!
=��� � � > .!' � � =�� � �� > ')* � � ��	� �

:$ .0* *!8 '!#($ /! � 0*1 � 8),- ,-$ /!##!8 )*+$450,)!*' f
��� � � � �
�� � �� � a �

C-5' < � � � 77� 0*1 � � � �7� 0*1
�� =� > � � a

a� .!' � � �

a� ')* � �
^!%")*)*+ � � =� > 0*1 �� =� > +)($' 5' 0 +$*$ 0# '!#5&,)!* ,! _450,)!* oo f

� =� > � �7� � ����� � a
a� .!' � � �

a� ')* � �
� �
����� �� � ��� �� ��
C! E*1 0 '!#5,)!* ,! ,-$ $450,)!* f

1��
1� �

� � � ')* � =` 3a� 3�>
8$ ',0 , "2 E*1)*+ 0 +$*$ 0# '!#5,)!* ,! ,-$ .!%7#$&% $*,0 2 $450,)!*

1��
1� �

� � � � �
8-).- -0' ,-$ .-0 0.,$ )',). $450,)!*

� � � a � �
0*1  !!,' � 7 � � 0*1 �� � �� 3 C-5' <� � =� > � � 7 .!' � � �� ')* �

C! 1$,$ % )*$ �� =� > < 8$ E ', 5'$ ,-$ $450,)!*�� =� > � � .!' � � � ')* � �

"5, ,-)' -0' ,-$ '0% $ /! % 0' � � =� > < 0*1 ,-5' < 8$%5', %5#,)7#2 ), "2 � 3 C-5' <�� =� > � �� .!' � � � � ')* � �
0*1� �� =� > � � .!' � � �� ')* � � � ')* � � � � .!' �� ��� =� > � �� ')* � � � ')* � � �� .!' �

� � .!' � � � .!' � � � � ')* �
� �`� ')* � � �� .!' � � `� .!' � � � � ')* � �

]5"',),5,)!* )*,! _450,)!* oo +)($' 5'
�`� ')* � � `� .!' � � ')* �

8-).-  $'5 #,' )* ,-$ /!##!8 )*+ '2',$% !/ $450,)!*' f
�`� � �� � a�� � `� � � �

,-5' < � � � 7
�

0*1 � � � < 0*1
�� =� > � � a

` � .!' � �
^!%")*)*+ � � =� > 0*1 �� =� > +)($ 5' ,-$ /! ##!8 )*++$*$ 0# '!#5,)!* ,! _450,)!* oo f

� =� > � �7 .!' � � �� ')* � � a
` � .!' � �

� �

� ��� �� �  $'* . "& $� � #*+� "
� )9$ $*,)0# $450,)!*' .0* "$ '!#($1 5')*+ % 0, )D 0#&+$" 0 3 C-$ 01(0*,0+$' ,! ,-)' % $,-!1 0 $ ,-0, '$.&!*1 < ,-) 1 < /!5 ,- 0*1 $($* -)+-$ ! 1$ 1)9$ $*,)0#$450,)!*' .0* "$ 0## '! #($1 0' E ', ! 1$ 1)9$ $*,)0#$450,)!*' 0*1 ,-0, 8-$* /! .$1 ,! E*1 0 *5%$ ).0#'!#5,)!* =0' !77!'$1 ,! ,-$ 0*0#2,). '!#5,)!*'> < % !',.!%75,$ ,!!#' $D7$., ,-$ )*75, ,! " $ )* %0, )D /! &% 0, 3
F ��� ��S L���HP j NN��� �S HZ

����X �� �G X
[)*1)*+ 0* 0*0#2,).0# '! #,)!* ,! 0 1)9$ $*,)0# $450,)!*)' *!, 0#802' 0 7 0.,).0# !7,)!* 3 �5%$ ).0# 077 !D&)% 0,)!*' #$01 ,! '!#5,)!*' ,-0, 0 $ %5.- %! $  $01&)#2 0(0)#0"#$ < -!8$($ < ,-$ $ 0 $ 0 *5%"$ !/ )''5$' $#0,$1 ,! ,-$ 077 !D)% 0,)!* ,-0, '-!5 #1 " $ 5*1$ &',!!1 3 C-$ , ).6 ,! .!*', 5.,)*+ 0 ()0"#$ *5% $ ).0#

`'



'!#5,)!* !/ 0 1)9$ $*,)0# )' )1$*,)/2 )*+ 0  $#)0"#$ 07&7 !D )% 0,)!* !/ ,-$ 1$ )(0,)($ 0*1 ,-$* '$#$.,)*+ 0',$7 ');$ ,-0,  $'5#,' )* "!,- 0 ',0"#$ 0*1 7-2').0##2% $0*)*+/5# '!#5,)!* 3
��� �� 	
 	��� � ��� �� �� ������ � ��
���� �

�5%$ ).0##2 '!#()*+ 0 1)9$ $*,)0# $450,)!*  $&45 ) $' 0* )*),)0# .!*1),)!* =,-$ 7!)*, 8-$ $ ,-$ '!&#5,)!* ',0 ,'> 0*1 0* 0#+! ),-% /! $D,$*1)*+ ,-$'!#5,)!* 3 _D,$*1)*+ ,-$ '!#5,)!* .0* "$ ()'50#);$10' 0* $D$ .)'$ 8 ),- ,-$ C02#! '$ )$' 3 C-$ )1$0)' ,! $D70*1 ,-$ '!#5,)!* '70.$ 0 !5*1 ,-$ )*),)0#.!*1),)!* < 0*1 5'$ ,-$ C02#! '$ )$' ,! +5)1$ ,-$077 !D )% 0,)!* !/ ,-$ '!#5,)!* 3
_  ! ' 0.45 ) $1 15 )*+ ,-$ .!*', 5.,)!* !/ 0 *5&% $ ).0# '!#5,)!* 0 )'$ / !% ,8! '!5 .$' f  !5*1!90*1 , 5*.0,)!* 3 2!5*1!9 $  ! 0 )'$' / !% ,-$ #)% &),$1 7 $.)')!* !/ .!%75,$ 0 ),-% $,). 3 C-$ 7 !"#$%)' .!%7!5*1$1 )* ,-0, ,-$ ")*0 2  $7 $'$*,0,)!* !/% 0*2 / 0.,)!*' )' )  0,)!*0# < $*-0*.)*+ ,-$ $9$.,' !/,-$  !5*1!9 $  ! 3 [! $D0%7#$ < a1a� )' )  0,)!*0# )*,-$ ")*0 2 '2',$% 8-$ $0' a1� )'  0,)!*0# 3 [! ,-)' $0'!* < 8$ !/,$* .-!!'$ 1)'. $,);0,)!* )*,$ (0#' ,-0,0 $ 7!8$ ' !/ a1` )*',$01 !/ 7!8$ ' !/ a1a�

����� �� � ����� �� �������� �� ��� ������ �
:$ ',0 , 8 ),- 0 ')%7#$ E ', ! 1$ )*),)0# (0#5$ 7 !"&#$% =b��>

1�
1� � � =� � �> < 0*1 � =�� > � �� =` 3aa3a>

8-$ $ / =2<,> )' '!% $ #)*$0 ! *!*&#)*$0 /5*.,)!* !/ 20*1 , 0*1 � =�� > )' ,-$ )*),)0# (0#5$ !/ 2 0, ,)% $ �� 3[)*1)*+ 077 !D )% 0,$ (0#5$' /! 7!)*,' !,-$ ,-0* ��)' ')%7#2 0 % 0,,$ !/ E+5 )*+ !5, 8-0, ',$7 ');$ < � < !/,-$ )*1$7$*1$*, (0 )0"#$ < � ,! 5'$ 3 [ )+5 $ oo '-!8 ',-$ )1$0 !/ $D,$*1)*+ ,-$ '!#5,)!* 5')*+ 0 /! 80 1_5#$ '!#5,)!* 3C-$ ', 0,$+2 )' ,! ',0 , 0, 0 7!)*, 0*1 $D,$*1 ,-$'!#5,)!* 8 ),- 0 ',$7 ');$ < - 3 ]! 8$ ',0 , 0, =�� � �� > <

Starting Point
(y0,t0) Step Size h

Increment in the solution
h * f(y0,t0)

Tangent of f(y,t)
at (y0,t0)

[)+5 $ ` 3aa3af YKB UBTBCHM SFBH QDC BuIBTFSTU H JDMEISDT
EJSTU H QDCRHCF xEMBC P BIKDF X

.!%75,$ ,-$ 0%!5*, !/ 2 8$ %5', 011 < � =�� � �� > � �0*1 ,-$* 5'$ ,- )' 7!)*, ,!  $7 $0, ,-$ 0#+! ),-% f
a3 ��� 7 � �� � �
` 3 � �� 7 � � � � � � � =� � � �� >
C-)' )' .0##$1 ,-$ (������ � �	�� %$,-!1 "$.05'$,-$  )+-, -0*1 ')1$ < � =� � �> )' $(0#50,$1 0, ,-$ )*),)0#7 !)*, 3 �!8 < )' ,-)' 0 +!!1 %$,-!1� :$ c## *!8 #!!6 0,0 C02#! $D70*')!* !/ !5 % $,-!1 < 0*1 $',)% 0,$ ,-$$  ! 0*1 ,-$ ',0" )#),2 !/ ,-$ '!#5,)!* 3 g2 ',0")#),28$ %$0* 8 )## ,-$ *5%$ ). '!#5,)!*  $h$., ,-$ 0*0#2,).'!#5,)!* /! 0 "), 0 2 .!*1),)!*' =#)6$ ',$7 ');$ 0*1*0,5 $ !/ ,-$ /5*.,)!* < � =� � �>> 3�!8 < 5')*+ ,-$ C02#! '$ )$' < _450,)!* oo < 8$ 8 )##$D70*1 � =�> 0 !5*1 � =�� > 0*1 0''$'' ,-$ , 5*.0,)!*$  ! f

� =��� 7 > � � =�� >� �� � =�� >� ��` � �� =�� >� 	 =�� > � =` 3aa3`>
C-$ ,- $$ #$/, ,$ % '  $7 $'$*, ,-$ , 5*.0,$1 C02#! '$ )$' =_5#$ c' ? $,-!1> 8-)#$ ,-$  )+-, ,8! ,$ % '  $7& $'$*, ,-$ #! .0# , 5*.0,)!* $  ! 3 :$ 0 $ 0''5% )*+,-0, � � a 0*1 ,-5' < ,-$ 	 =�� > ,$ % )*1).0,$' ,-0,0## ,$ % ' ,-0, /! ##!8 )* ,-$ '$ )$' 8 )## " $ #$'' ,-0* �� 3:$ '$$ ,-0, ,-$ % $,-!1 )' 0..5 0,$ ,! ! 1$ � < 0*1*!, ,-$ -)+-$ ! 1$ ,$ % ' =�� ! �� > < '! 8$ '02 ,-0,),' E  ', ! 1$ 0..5 0,$ 3b* ! 1$ ,! 1$, % )*$ -!8 ',0"#$ ,-)' % $,-!1 )' /! 077 !D )% 0,)*+ 0* ! 1)*0 2 1)9$ $*,)0# $450,)!* < 8$')%7#2 , 2 ,! 1$, % )*$ 8-$,-$ ! *!, ), 8 )## .!*($ +$! 1)($ +$ /! #0 +$ (0#5$' !/ � 3 [! $D0%7#$ < 8$ 8 )##5 '$ 0 ')%7#$ /5*.,)!* f � =� � �> � �� '! ,-0,

� =� � �> � 1�
1� � �� < 0*1 � =� > � �� �

\')*+ ,-)' ,!  $7#0.$ ,-$ /5*.,)!* < � =� � �> < )* _450,)!*oo < 8$ -0($� �� 7 � � � � ��� � � =a � �� >� � �
��



�!8 < )/ 2!5 ',0 , 0, ,-$ )* ),)0# (0#5$ < �� < 0*1  $&7 $0,$1#2 077#2 ,-$ 0"!($ $450,)!* < 2!5 c## E*1 ,-0,� 7 � =a � �� >���� � =a � �� > =a � �� >��
333 333� �� 7 � =a � �� >�� 7�� �

:$ .0## ,-$ %5#,)7#)$ < a� �� ,-$ 0%7#)E .0,)!* /0.,! 3^#$0 #2 )/ ��  � ,-$* ,-$ '!#5,)!* 8 )## " #!8 57 0/,$ 0 /$8 ',$7' 3 C-5' < ,-$ '!#5,)!* )' !*#2 ',0"#$ 8-$*
� � � < ')* .$ ,-$ ',$7 ');$ < � < .0* *$($ " $ *$+0,)($),'$#/ 3 ��
����� �� � ����� �� �� ������� �� ��� ������ �
C-$ [! 80 1 _5#$ % $,-!1 077 !D )% 0,$' ,-$ 7!)*,'� �� 7 "2 ',0 ,)*+ / !% '!% $ )* ),)0# 7 !)*, < �� 0*1 %!(&)*+ ,! ,-$  )+-, 5')*+ ,-$ 1$ )(0,0($ 0' .0#.5 #0,$1 0,� � 3 �* 0#,$ *0,)($ ,! ,-)' )' ,! ',0 , / !% �� 0*1 %!($,! ,-$  )+-, 5')*+ ,-$ 1$ )(0,)($ 0' .0#.5#0,$1 0, � �� 7 3C-0, )' < 8$ $(0#50,$ ,-$ /5*.,)!* < � =� � �> 0, � �� 7 � ��� 7 3C! 1! ,! ,-)' < 8$  $8 ),$ ,-$ '$.!*1 /! %5#0 )* ,-$*5%$ ).0# 077 !D)% 0,)!* 0'� �� 7 � � � � �� =� �� 7 � ��� 7 > � =` 3aa3� >
�!8 8$ #$, � =� � �> � �� 0*1 '!#($ /! � �� 7 0*1 E*1,-0, � �� 7 � � � � ��� �� 7 �
0*1 ,-5' < � �� 7 � � a

a � �� � � � �
],0 ,)*+ 0, ,-$ )*),)0# .!*1),)!* < �� � �� 8$ '$$ ,-0,

� 7 � � a
a � �� � ��

�� � � a
a � �� � � a

a � �� � ��
333 333

� �� 7 � � a
a � �� �

� �� �
0*1 ,-$ 0%7#)E.0,)!* /0.,! )' *!8 � a /! 0## (0#5$'!/ � � � =0+0)* < ')*.$ ,-$ ',$7 ');$ < � < .0* *$($ "$*$+0,)($> 3 C-5' < ,-)' %$,-!1 !*#2 7 !()1$' 0 ',0"#$'!#5,)!* 8-$* � � � 3 C-)' % $,-!1 )'  $/$  $1 ,! 0'0* )%7#).), % $,-!1 < ')*.$ ,-$ /5*.,)!* )' $(0#50,$10, 0 '!#5,)!* 7!)*, < 2$, ,! " $ 1$,$ % )*$1 3 [! 0##

#)*$0 /5*.,)!*' < � < 0 *).$ ),$ 0,)($ $450,)!* .0* "$1$,$ % )*$1 3 : -$* � )' *!*&#)*$0 < ,-$* ,27).0##2 ,-$/5*.,)!* )' #)*$0 );$1 =8 ),- 0 C02#! '$ )$' < !/ .!5 '$>0*1 $0.- ',$7 )* ,-$ '!#5,)!* )' )*,$ 0,$1 5*,)# ,-$/5.,)!* )' 8$## 077 !D)% 0,$1 "2 ,-$ C02#! 077 !D )&% 0,)!* 3 � �
����� �� � ����� �� ���� ���� � ����� �
C-$ $  ! 0''!.)0,$1 8 ),- ,-$ ')%7#$ _5#$ % $,-!1.0* "$ )%7 !($1 "2  $0#);)*+ ,-0, /! "!,- ,-$ /! &80 1 =$D7#).),> 0*1 "0.680 1 =)%7#).),> _5#$ %$,-&!1' < ,-$ $ )' 0* 0'2%%$, 2 "$,8$$* 077 !D )% 0,)*+,-$ 1$ )(0,)($ 0*1 $(0#50,)*+ ,-$ /5*.,)!* 3 [! ,-$$D7#).), % $,-!1 < ,-$ /5*.,)!* = )+-, -0*1 ')1$> )' $(0#&50,$1 0, ,-$ #$/, ')1$ !/ ,-$ 1$ )(0,)($ 8-)#$ /! ,-$)%7#).), % $,-!1 < � =� � �> )' $(0#50,$1 0, ,-$  )+-, ')1$!/ ,-$ 1$ )(0,)($ 3 C-$ 7 ).$ /! ,-)' 077 !D )% 0,)!* )',-0, 8$ *!8 *$$1 ,! 6*!8 ,8! (0#5$' !/ 2 � � 0*1 � ��7"$/! $ 8$ .0* $D,$*1 ,-$ '!#5,)!* ,! ,-$ *$D, 7!)*, 3:$ .0* 0#'! $(0#50,$ � =� � �> 0, ,-$ % )17!)*, !/ ,-$1$ )(0,)($ < 0*1 ,-)' )' .0##$1 ,-$ ���� (�� 0 ��� �� 3

1�
1� � � �� 7 � � ��7`�

'! ,-0, � �� 7 � � ��7 � `�� =� � � �� >
� ' " $/! $ < 8$ .0* $(0#50,$ ,-$ 0..5 0.2 !/ ,-)'', 0,$+$2 "2 .!%70 )*+ ,! ,-$ C02#! $D70*')!* !/,-$ /5*.,)!* 3 :$ E ', % 06$ 0 C02#! 077 !D )% 0,)!*/! "!,- � �� 7 0*1 � ��7 f
� =��� 7 > � � =�� > � �� � =�� > � ��

` � �� =�� > � 	 =�� > �
0*1

� =��� 7 > � � =�� > � �� � =�� > � ��
` � �� =�� > � 	 =�� > �

�!8 < '5", 0.,)*+ ,-$ ,8! '$ )$' < 8$ '$$ ,-0, ,-$ ,-$`*1 ! 1$ ,$ % ' .0*.$# 3 C-5' < ,-)' % $,-!1 )' `*1! 1$ 0..5 0,$ 3 ��
����� �� � ����� �� ������������ ������ �
C-$ '!#5,)!* 0..5 0.2 .0* "$ /5 ,-$ )%7 !($1 "2"5)#1)*+ 0 ', 0,$+2 0 !5*1 ,-$ #$07&/ !+ % $,-!1 0*1,-$ /! 80 1 _5#$ % $,-!1 3 C-)' % )D,5 $  $'5#,' )* 0
25*+$&m5,,0 %$,-!1 ,-0, -0' $($* %! $ 0..5 0.23C-$ -0#/ ',$7 )' .!%75,$1 8 ),- ,-$ /! 80 1 _5#$ % $,-!1 0*1 ,-$* ,-$ /5 ## ',$7 )' .!%75,$1 8 ),- ,-$#$07&/ !+ % $,-!1 3

� a



� �� 7�� � � � � �
` � =� � � �� > =` 3aa30 >� �� 7 � � � � �� =� �� 7�� � ��� 7�� > � 	 =�� > =` 3aa3�>

� )6$ ,-$ #$07 / !+ % $,-!1 < ,-)' %$,-!1 )' `*1 ! &1$ 0..5 0,$ 3 C-$ 25*+$&m5,,0 % $,-!1 077#)$' ,! 0.#0'' !/ % $,-!1' 8-$ $ )*,$ % $1)0,$ ',$7' 0 $ ,06$* 3[! $D0%7#$ < 8$ .0* % 06$ 0 $(0#50,)!*' 0*1 % 06$ 07 ! .$15 $ ,-0, )' 0,- ! 1$ 0..5 0,$ f

 7 � � =� � � �� > =` 3aa3� >


� � � =� � � 
7` � �� �
�
` > =` 3aa3�>


� � � =� � � 
�` � �� �
�
` > =` 3aa3� >


� � � =� � � 
� � �� � �> =` 3aa3' >� �� 7 � � =� � � �� >� 
 7� �

�
�
� 
�
�
� 
�� �	 =�� > =` 3aa3a� >

C-)' 7 !.$15 $ )' 0 ($ 2 7!75#0 7 ! .$15 $ < 0*1 8 )##5'50##2 1! 2!5  )+-, 3 b, )' '0/$ < 0..5 0,$ < 0*1 $D.$7,/!  $0##2 8 )$ 1 %!1$#' < 8 )## 7 !()1$  $#)0" #$ '!#5,)!*' 3
� � [! ,5*0,$#2< ! .,0($ =% 0,#0" > -0' '!% $ ($ 2 *).$,!!#' /! '!#()*+ !1$' /! 5' 3 � $ $ 0 $ ,8! #),,#$ '. )7,'d 5', ,! )*1).0,$ 8-0, )' *$$1$1 3 C-$ E ', '$+% $*,1$E*$' ,-$ !1$ 0' 0 /5*.,)!* < )* ,-)' .0'$ 15 11, �5 =a&5 > =5&0> � ',)% 8-$ $ ',)% )' ,-$ ',)%5#0,)!* ,-0,/! .$' ,-$ '2',$% ,! '8 ),.- / !% !*$ ',0"#$ ',0,$ ,!0*!,-$ f
� � &�� �� ����� ��

��� #� �&� $�&���� ����� �$ �� �

� �� ����� ������&�� �&� �� �� � � �	
 �� � ��� � �� � �� �� �

$�&� � ���&� �� ��� �
" � � �	
 �
�� �� � � �

�� � � � ���
�� �� � � �	
 �

���

$�&� ��� � $ ���� �� ���$ ����� �$ ����"� � �� �� �

������ #� �&�
C! ,! 0.,50##2 '!#($ ,-$ !1$ < 8$ $D$.5,$ ,-$ /!##!8&)*+ 7)$.$ !/ .!1$ 8 ),- )* % 0,#0" 8-).- .0##' ,-$ !1$'!#($ f #'!1$ 0*1 ,-$* 7#!,' ,-$  $'5#,'

� � &�� ������ ����� ��

� � ��� �%"#� �� �
� ����� �

�$� � �� �� � � ��� �
$� � �� ��� �

� � ��&�� �!�� ����� ! �$� �� � �

%�&� �� �� � �

� � �� � �� �
�"�� �"�#�� %�&� ��"� � �

F ��F R H�Y�� H�� ��� �KHX���
R � �LPX

�`



� � � � �� � �

��� � �  �� �������	� 
� � �� 
 � � ��

��� ��������� ���������� 

!"# $% &'# #()*#)& +(,) &$ #-./$0# ( 1$2#/ *) &$ )*1 3./, 1 (4# "51#0*6(/ #-. #0*1 #"&) 7 8'#)# #-.#0*1 #"&)6(" 9# () )*1./# () ./$&&*": &'# 1$2#/ 0#).$")# ()( %5"6&*$" $% &'# *"2#. #"2#"& ;(0*(9 /# <)= 7 !;#0 &'#,#(0) +# '(;# (66515/(&#2 ( &$$/9$- >//#2 + *&' ("519#0 $% 5)#%5 / 6$11("23/*"# &$$/) %$0 . #0%$01 *":&'#)# #-.#0*1 #"&) 7 8'# &$$/9$- *) (;(*/(9/# () ( &:?> /# <("(/,?# 7&:?= %$0 5)# $" (", ),)&#1 + *&' ( @ 6$1 3.*/#0 7
A )*1./# #-(1./# $% &'#)# &$$/) *" (6&*$" *) *)

BCDEEF BDG HDB I JI KJ L MF NO P J Q KRSDPT UVW KRSP JX L PYZG[\D VT HTD

8'# >0)& .(0& $% &'# .*.# :#"#0(&#) &'# *"2#.#"2#"&;(0*(9/# ;(/5#) ] &'# )#6$"2 6$1.$"#"& &0(")%$01 ) &'#*"2#. #"2#"& ;(0*(9/# *"&$ &'# 1$2#/ %5"6&*$" ] *" &'*)6()# ] (" #-.$"#"&*(/ 7 8'# &' *02 6$1.$"#"& ./$&) &'#2(&( 5)*": :0(6# <$0 &'# :0(.'*": .0$:0(1 $% ,$506'$*6#= 7
^% &'# 1$2#/ *) "$& (" (/:#90(*6 1$2#/ ] 95& 0(&'#02#)60*9#2 9, &'# )$/5&*$" &$ (" $02*"(0, $0 .(0&*(/2*_#0#"&*(/ #`5(&*$" ] &'#" $%&#" ( )*1./# a5/#0 *"3&#:0(&*$" ("2 *&) :0(.' *) (2#`5(&# &$ :*;# ( :#"#0(/*2#( $% +'(& &'# 1$2#/ *) 2$*": 7 8'# b#6&*$" cc :*;#)(" $;#0;*#+ $% &'*) ("2 $&'#0 "51 #0*6(/ 1 #&'$2) 7
8'# 9$&&$1 /*"# *) (/+(,) &$ . /$& &'# 0#)5/&) ] "#;#0)*1./, /$$4 (& ( /*)& $% "519#0) 7 ^& *) )50.0*)*": +'(&( :0(.'*6(/ 0#.0#)#"&(&*$" + *// 0#;#(/ &'(& "519#0)'*2# 7

55 60 65 70 75 80 85 90
Exam Scores

0

10

20

[ *:50# d 7e 7fg h K iJIjklmn jQ opmn JqjloJ
� �r st���� u�� ��t� tv �

�tw�� ��w w��� x y���� � ����
z{�t�|� � }� ���~

� �� �� ����������� � ������������
^1 (:*"# ( 6/()) + *&' f�� )&52#"&) ("2 (& &'# #"2$% &'# )#1 #)&#0 &'#, (// &$$4 &'# >"(/ #-(1 7 A%&#0&'# &#(6'#0 :0(2#2 &'# #-(1 '# "$&*6#2 &'(& ( /$&$% )&52#"&) )6$0#2 9#&+##" �� ("2 �� .#06#"& 7 A)/*:'&/, )1 (//#0 :0$5. $% )&52#"&) 15)& '(;# )&52*#2( /*&&/# '(02#0 () &'#, :$& 9 #&+##" �� ("2 �� .#06#"& ]("2 ( )*1 */(0 )*?#2 :0$5. .0$9(9/, ). #"& 1$0# &*1 #(& &'# /$ 6(/ .59 9#6(5)# &'#, )6$0#2 9#&+##" �� ("2�� .#06#"& 7 a;#" 0(0#0 +#0# &'# :0$5.) &'(& (6#2 $0&$&(//, 9$19#2 &'# &#)& 7
^% &'# &#(6'#0 +("&#2 &$ ;*)5(/*?# '$+ &'# :0(2#)$" '*) >"(/ #-(1 +#0# 2*)&0*95&#2 ] '# 6$5/2 20(+$5& ( '*)&$:0(1 <)## [ *:50# cc=&'(& +$5/2 )'$+ &'#"519#0 $% #-(1 ) + *&' )6$0#) &'(& %#// *"&$ 2*_#0#"&0(":#) 7 ^% '# &'#" )6(/#2 #(6' 6$/51" *" &'# '*)3

dd



&$:0(1 9, 2*;*2*": 9, &'# &$&(/ "519#0 $% #-(1 ) <*"&' *) 6()# ] f��= ] &'# ' *)&$:0(1 +$5/2 (/)$ :*;# &'#&#(6'#0 ( 0$5:' #)&*1 (&# $% &'# .0$9(9*/*&, $% .*64*":(" #-(1 (& 0("2$1 +*&' ( )6$0# 9#&+##" �� ("2 �� 7^% &'# &#(6'#0 +("&#2 &$ 4"$+ +'(& &'# .0$9(9*/*&,&'# #-(1 )6$0# +$5/2 9# 9#&+##" �� ("2 �� ] '# 6$5/2)*1./, (22 &'# 6$/51") &'(& 0#.0#)#"&#2 &'(& 0(":#&$:#&'#0 &$ :*;# '*1 )#/% ( :#"#0(/ *2#( 7
^% &'# &#(6'#0 >& ( 650;# &$ &'# )6(/#2 ;#0)*$" $% &'#'*)&$:0(1 ] )$ &'(& &'# &$&(/ (0#( 5"2#0 &'# 650;# +()#`5(/ &$ f] '# 6$5/2 5)# *"&#:0(&*$" &$ #)&*1 (&# &'#.0$9(9*/*&, $% (" #-(1 '(;*": ( )6$0# 9 #&+##" (",&+$ .$*"&) 7 8'# )1 (//#0 &'# (0#( 9 #&+##" &+$ .$*"&) ]&'# /$+#0 &'# .0$9(9*/*&, &'(& (" #-(1 +*// '(;# &'(&)6$0# 7 8'# /(0:#0 &'# (0#( 9 #&+##" &+$ .$*"&) ] &'#:0#(&#0 &'# .0$9(9*/*&, $% 0("2$1 /, )#/#6&*": (" #-(1*" &'(& 0(":# 7 8'#)# .0$9(9*/*& *#) (0# 6$">01 #2 9,&'# $0*: *"(/ '*)&$:0(1 7
A& &'*) .$*"& ] ,$5 1 (, 9# +$"2#0*": +', &'#&#(6'#0 +$5/2 +("& &$ 5)# ( >&&#2 650;# *" )&#(2 $% ' *)$0*:*"(/ '*)&$:0(1 &$ 2#&#01 *"# .0$9(9*/*& *#) 7 8'#0#()$" %$0 &'*) *) &'(& *& *) #()*#0 &$ 6$1.(0# 650;#) ]("2 &'5) ] 5)# &'#1 &$ (")+#0 `5#)&*$") 7 ^% &'# &#(6'#0>& 650;#) &$ )#;#0(/ ,#(0 �) +$0&' $% '*)&$:0(1 ) ] '#6$5/2 5)# &'#1 &$ 2#&#01 *"# *% '(;*": &'# )&52, )#)3)*$" &+$ 2(,) 9#%$0# &'# #-(1 '#/. #2 $0 "$& 7

� �� �� ��������� ��� ���� ��� 	 � ���

���� ��� �������

^1 (:*"# &'(& &'# &#(6'#0 1 #"&*$"#2 *" &'# .0#;*$5))#6&*$" +() *"2##2 (&&#1.&*": &$ 2#&#01 *"# *% &'#)&52, )#))*$" '# '#/2 &+$ 2(,) 9 #%$0# &'# #-(1 '#/. #2$0 "$& 7 !"# .$&#"&*(/ . *&%(// *" )*1./, ;*)5(//, 6$1 3.(0*": &$ :0(.') +$5/2 9# &'(& (" *1.0$;#1#"& *")6$0#) 6$5/2 9# 25# &$ )#;#0(/ %(6&$0) ] "$& �5)& &$ &'#)&52, )#))*$" 7 [$0 #-(1./# ] &'*) ,#(0 �) 6/()) ] () (+'$/# ] 6$5/2 '(;# 9##" /564*#0 *" &'# 15/&*. /# 6'$*6#)#6&*$" &'(" &'# .0#;*$5) ,#(0 �) 7 ^) &'#0# (", +(, &$6'(0(6&#0*?# '$+ /564, ( 6/()) +$5/2 "##2 &$ 9# *" $032#0 &$ . #0%$01 156' 9#&&#0� ^% &'#0# +() <("2 &'#0#*)= ] &'#" .#0'(.) &'# &#(6'#0 6$5/2 *"&#0.0#& &'# %(6&&'(& &'# 6/()) +$5/2 '(;# &$ 9 # (1 (?*":/, /564, &$. #0%$01 () +#// () *) 2*2 () "$& �5)& /564 ] 95& 25# &$'*) )&52, )#))*$" 7 ^" ( )#")# ] &'# %5"2(1 #"&(/ *2#( *")&(&*)&*6) *) &$ &0, &$ 2#&#01 *"# *% 6'(":# *) ( 0#)5/&$% 6'("6# $0 25# &$ ( ).#6*>6 0#()$" 7 ^" $02#0 &$ 2$&' *) ] +# 15)& 6$")*2#0 ;(0*(9*/*&, <)## [ *:50#) cc ] cc("2 cc= 7
8'# ;(0*("6# $% ( 1$2#/ ] "$&(&#2 + *&' � � ] `5("3&*>#) '$+ ).0#(2 $5& &'# 2(&( *) 7 ^" [ *:50#) cc ] cc

-5 0 5 10
0

0.1

0.2

0.3

0.4

[ *:50# d 7e 7e g ��j �jln m� �� Q� � ��o � i�� nom� � � � jl
 � � � m�� ��o j��ol � i��  � ! � "j�� �m#o ��o �mn o #mlim�qo �
$ % � &� 'j�iqo ��m� � i�� m �nm�� mnj(�� jQ #mlim�qo � ��o ��jklm��� �ml��) j#ol�m� m�� i� i� om�) �j � i�� i�k( i�� �j� j�o i�
Q(��mn o��m��) � i*olo�� Qljn ��o j��ol �

-5 0 5 10
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

[ *:50# d 7e 7d g ��j �jln m� �� Q� � ��o � i��  � � m�� ��oj��ol � i��  � ! � "j�� �m#o ��o �mn o #mlim�qo � $ % � + � 'j�iqo
�j� � i�� ��o i�qlom�o� #mlim�qo � ��o ��j q(l#o� j#ol�m� omq�j��ol n jlo ��m� i� , ik(lo -- �

d.



-5 0 5 10
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

[ *:50# d 7e 7. g ��j �jln m� �� Q� � ��o � i��  � � m�� ��oj��ol � i��  � ! � "j�� �m#o ��o �mn o #mlim�qo � $ % � ! ��jn �mlo ��o #mlim�qo m�� ��o j#ol�m� � i�� , ik(lo� -- m��
-- � ��o njlo j#ol�m� ��olo i� � ��o �ml�ol i� i� �j �o�oln i�o iQ
��o) mlo Q(��mn o��m��) � i*olo�� �
("2 cc +# 6(" )## '$+ /(0:#0 ;(/5#) %$0 � � 0#)5/& *")'$0&#0 . #(4) ("2 ( 90$(2#0 2*)&0*95&*$" $% &'# 2(&( 7^% +# 6(" 2#&#01 *"# &'# ;(0*("6# %$0 ( 1$2#/ <5)53(//, *& *) #)&*1 (&#2 %0$1 &'# 2(&(= ] &'#" +# 6(" 5)#&' *) *"%$01 (&*$" &$ '#/. 6(/65/(&# &'# )*:"*> 6("6# $%&'# 2*_#0#"6# 9 #&+##" &+$ )(1./#) 7 8,.*6(//,] &' *) *)2$"# 9, 6(/65/(&*": 2*_#0#"6# 9 #&+##" &'# &+$ )(1 3./# 1#(") ("2 2*;*2*": 9, &'# )`5(0# 0$$& $% &'# ;(0*3(&*$" 7 8'(& *) ] ��� � ������ � <d 7e 7f=
+'#0# ��� *) &'# 1 #(" $% &'# 	 2(&( )#& ] ��� *) &'#1 #(" $% &'# 
 2(&( )#& ("2 �� *) (" #)&*1 (&# $%&'# ;(0*(&*$" *" &'# 2*)&0*95&*$") &'(& &'# 2(&( 6(1#%0$1 ] � � 7 �# + *// &(/4 1$0# (9$5& '$+ &$ 6(/65/(&#�� )'$0&/,7^% ,$5 &'*"4 (9$5& *& 90*#�,] ,$5 + *// )## &'(& &'#)1(//#0 &'# ;(0*(&*$" ] &'# 1$0# )*:"*> 6("& &'# 2*_#03#"6# + *// 9 # 7 A"$&'#0 +(, &$ &'*"4 (9$5& *& *) &'(& ]%$0 2(&( )#&) + *&' /(0:# (1$5"&) $% ;(0*(&*$" ] &'# 2*%3%#0#"6# 9 #&+##" &'# &+$ 1#(") 15)& 9# :0#(&#0 *"$02#0 &$ (;$*2 9 #*": *" &'# (0#( $% $;#0/(. 9#&+##"&'# &+$ 2*)&0*95&*$") <[ *:50# cc= 7
������ � �� �� �� ���� ����� ��  !"# $

[$0 #-(1./# ] *% &'# (;#0(:# #-(1 )6$0# %$0 &'# ,#(0+ *&'$5& &'# )&52, )#))*$" +() ��% ] &'5) ] ��� & ��("2 &'# ("2 %$0 &'# ,#(0 + *&' &'# )&52, )#))*$" ��� &�� ] &'#" &'# 2*_#0#"6# &'# &+$ ,#(0) *) ] ��� � ��� & . 7^% &'# #)&*1 (&#2 ;(0*(&*$" *" &'# 2*)&0*95&*$") &'(& &'#2(&( 6(1 # %0$1 *) �� & f] &'#" +# + *// '(;# 2*)&0*395&*$") /*4# &'(& )##" *" [ *:50# cc ("2 &'# 2*_#0#"6#

9 #&+##" &'# &+$ 1#(") +$5/2 9# `5*&# 6/#(0 7 '$+3#;#0 ] *% � � & . ] &'#" &'# 2*_#0#"6# +$5/2 9# )6(/#29, a`5(&*$" cc &$ 9# $"/, e ] ("2 "$& () )*:"*> 6("& 7( )
@(/65 /(&*": �� ] (" #)&*1 (&# $% � � *) `5*&# )*1./# 7�# )*1./, (;#0(:# &'# )`5(0#2 2*_#0#"6#) 9 #&+##"#(6' $9)#0;(&*$" ("2 &'# 1 #(" 7 8'(& *) ]

�� & * <+ , � + =�
- � f . <d 7e 7e=

8'# 0#()$" +# )`5(0# #(6' 2*_#0#"6# *) &'(& +# 2$"$& +("& .$)*&*;# 2#;*(&*$") %0$1 &'# 1 #(" "#:(&*":"#:(&*;# 2#;*(&*$") 7
8$ )511(0*?# &'# .0$ 6#)) $% )&(&*)&*6(/ ("(/,)*) ]'#0# *) ( /*)& $% :#"#0(/ )&#.) g
f 7 8(4# ( 95"6' $% 1 #()50#1 #"&) 7
e 7 / (4# ( '*)&$:0(1 $% &'# 1 #()50#1 #"&) 7 [0$1&'*) +# 6(" &(4# ( :5#)) (& &'# &,. # $% 2*)&0*395&*$" &'(& &'# 2(&( 6(1 # %0$1 7 ^" &'*) 6()# ]&'# '*)&$:0(1 /$$4#2 %(*0/, ),11#&0*6(/ + *&' ()*":/# '51. *" &'# 1 *22/# ("2 &'*) )'(.# *) $%3&#" 1$2#/#2 + *&' ( 0123 45 678927:;9710 7 !&'#0)'(.#) (0# 9 #&&#0 1$2#/#2 + *&' $&'#0 2*)&0*953&*$") <)## [ *:50# cc= 7
d 7 a)&*1 (&# 1#(") ("2 ;(0*("6#) %0$1 &'# 2(&( ("25)# &'#1 &$ 6$1.(0# 2*_#0#"& 2*)&0*95&*$") 7

� �� < |�� y���� ����� =t>��
? ��� 

@ 1AB2 *) ( &#01 &'(& *) 5)#2 `5*&# %0#`5#"&/, &$ 2#3)60*9# )&(&*)&*6(/ &#)&) 7 A ) *) $%&#" &'# 6()# ] &'# +$02'() ( 0(&'#0 ).#6*>6 2#>"*&*$" +'*6' +# + *// (&&#1.&&$ 2#)60*9# '#0# 7 C5# &$ &'#*0 6/$)# 0#/(&*$" &$ &'#2#>"*&*$" $% .$+#0 ] +# + *// (/)$ 90*#�, 2#)60*9 # &'#;(0*$5) &,.#) $% #00$0) &'(& )&(&*)&*6(/ &#)&) 6(" 1(4# 78'5) ]
D & &'# .0$9(9*/*&, ,$5 + *// 0#� #6& EF +'#" *& *)&05# 7 8'*) &,.# $% #00$0 *) 6(//#2 8,.# ^ a00$0 7
G & &'# .0$9(9*/*&, ,$5 + *// (66#.& EF +'#" *&%(/)# 7 8'*) &,. # $% #00$0 *) 6(//#2 8,.# ^^ a00$0 7
H$+#0 & f�G ] &'# .0$9(9*/*&, &'# &#)& + *// 0#� #6&EF +'#" *& *) %(/)# 7 8'5) ] &'# 1$0# .$+#0 ] &'#'*:'#0 .0$9(9*/*&, $% 6$00#6&/, 0#� #6&*": EF 7

d�



-5 -4 -3 -2 -1 0 1 2 3 4 5
0

0.1

0.2

0.3

0.4

0.5

-5 -4 -3 -2 -1 0 1 2 3 4 5
0

0.1

0.2

0.3

0.4

0.5

β = 0.74 Power = 1 − β = 0.26

α = 0.05

[ *:50# d 7d 7fg ��o �lo� iq�o� � i��li�(�ij� jQ �� ki#o� �) ��o
�(�� �)�j��o�i� � �� �  � � � i� �o� iq�o� i� ��o �j� klm�� � ��o�j��jn klm�� ��j� � ��o �l(o � i��li�(� ij� jQ �� � �i�qo  � &�� i�� ��o q(llo�� �mn ��o �i�o � ��o #mlim�ij� i� �� � j(l o�� in m�jl
Qjl  � i� klom� o�j(k� �j n m	o i� njlo ��m� �i	o �) ��m� �o �o��
Qmi� �j lo
 oq� �� o#o� ��j(k� i� i� Qm��o �

�$5 6(" *"60#()# .$+#0 9, *"60#()*": &'# )(1./#)*?# ] - ] %$0 &'# &#)& 7 8'*) *) 9#6(5)# &'# /(0:#0 )(1 3./# )*?# + *// 2#60#()# &'# ;(0*("6# $% &'# #)&*1 (&#2.(0(1#&#0) 7 [$0 #-(1./# ] 6$")*2#0 � () (" #)&*1 (&#$% � 7 �, &'# 6#"&0(/ /*1 *& &'#$0#1 ] &'# ;(0*("6# $%� ] +'#0# a & � ("2 �(0 < = & � � %$0 *"2#.#"2#"&("2 *2#"&*6(//, 2*)&0*95&#2 )(1./#) %0$1 40� 2*)&0*395&*$" ] *) (..0$- *1 (&#/, � � �- ] +'*6' :#&) )1 (//#0 ()
- :#&) /(0:#0 7A" #-(1./# $% &' *) *) )'$+" *" [ *:50#) cc ("2 cc 7
� �� �� �������� ������ �� ������ � �

�����
8'#0# (0# &+$ +(,) &$ 2#&#01 *"# &'# .$+#0 $% ( )&(3&*)&*6(/ &#)& ] ("(/,&*6(/ ("2 "51#0*6(/ <&'(& *) ] #-.#03*1 #"&(//,= ("2 `5*&# $%&#" ] &'# "51#0*6(/ 1 #&'$2 *) (1$0# .0(6&*6(/ (..0$(6' 7 8$ 2#&#01 *"# &'# .$+#0 $%( &#)& :*;#" ( )(1./# )*?# - ] ,$5 "##2 $"/, &$ %$ //$+&'#)# )&#.) g
f7 �#"#0(&# - )*15/(&#2 2(&( .$*"&) <)## b#6&*$"cc %$0 2#&(*/) $" '$+ &'*) 6(" 9# (66$1./*)'#2= 7
e 7 A../, ,$50 &#)& &$ &'# 2(&( 7
d 7 C #&#01 *"# *% ,$50 &#)& 6$00#6&/, 0#� #6&#2 &'# "5//',.$&'#)*) 7
. 7 �#&50" &$ b&#. cc ("2 0#. #(& 1 (",] 1 (", &*1 #) 7
� 7 8'# .$+#0 $% ,$50 &#)& *) g

H$+#0 & � $% &*1 #) 'F +() 6$00#6&/, 0#� #6&#2
8$&(/ � $% &#)&)

-5 -4 -3 -2 -1 0 1 2 3 4 5
0

0.1

0.2

0.3

0.4

0.5

-5 -4 -3 -2 -1 0 1 2 3 4 5
0

0.1

0.2

0.3

0.4

0.5

α = 0.05

β = 0.59 1 − β = 0.41Power = 

[ *:50# d 7d 7e g ��o �lo� iq�o� � i��li�(�ij� jQ �� ki#o� �) ��o
�(�� �)�j��o�i� � �� �  � � � i� ��j�� i� ��o �j� klm�� � ��o� j��jn klm�� �o� iq�� ��o �l(o � i��li�(� ij� jQ �� � �i�qo  �
&� �j�o#ol � qjn �mlo� � i�� , ik(lo -- � ��o �mn ��o �i�o �m�� oo� i�qlom�o� o�j(k� �j lo�(qo ��o #mlim�ij� i� ��o �mlmn o�olo�� in m�o �) j�o �m�Q � �� i� nm	o� i� njlo �i	o�) ��m� j(l �o��
� i�� lo
 oq� �� � m�� ��(� � ��o �o�� �m� njlo �j�ol �

� �� < |�� � ��� �t��w���� �� 
���!�� � 

8'# 6$"6#.& $% ( ��% @$">2#"6# ^"&#0;(/ <��% @^=*) $"# &'(& *) )$1 #+'(& #/5 )*;# 7 8'*) *) .0*1 (0*/, 25#&$ &'# %(6& &'(& 1(", )&52#"&) $% )&(&*)&*6) (0# )*1 3. /, 0#`5*0#2 &$ 1 #1$0*?# *&) 2#>"*&*$" + *&'$5& %5//,5"2#0)&("2*": *&) *1./*6(&*$") 7 ' #0# +# + *// &0, &$6$;#0 9$&' &'# 2#>"*&*$" () +#// () +'(& &'# 2#>"*3&*$" (6&5(//, *1./*#) 7
8'# 2#>"*&*$" &'(& )&52#"&) (0# 0#`5 *0#2 &$ 1 #13$0*?# *) g
^% &'# .0$ 6#250# %$0 6$1.5&*": ( ��% 6$"3>2#"6# *"&#0;(/ *) 5 )#2 $;#0 ("2 $;#0 ] ��%$% &'# &*1 # &'# *"&#0;(/ + *// 6$"&(*" &'# &05#.(0(1 #&#0 ;(/5# 7

b&52#"&) (0# &'#" &$/2 &'(& &' *) 2#>"*&*$" 2$#) "$&1 #(" &'(& (" *"&#0;(/ '() ( ��% 6'("6# $% 6$"&(*"*":&'# &05# .(0(1 #&#0 ;(/5# 7 8'# 0#()$" &'(& &' *) *)&05# ] *) 9 #6(5)# ( ��% 6$">2#"6# *"&#0;(/ + *// #*&'#06$"&(*" &'# &05# .(0(1 #&#0 ;(/5# $% *"&#0#)& $0 *& + *//"$& <&'5) ] &'# .0$9(9*/*&, $% 6$"&(*"*": &'# &05# ;(/5#*) #*&'#0 f $0 �= 7 '$+#;#0 ] ,$5 '(;# ( ��% 6'("6# $%60#(&*": $"# &'(& 2$#) 7 ^" $&'#0 +$02) ] &'*) *) )*1 */(0&$ )(,*": ] ",$5 '(;# ( ��% $% :#&&*": ( '#(2) *" (6$*" &$)) ] '$+#;#0 ] $"6# ,$5 &$)) &'# 6$*" ] ,$5 #*&'#0'(;# ( '#(2 $0 ( &(*/" 7 8'5) ] ,$5 '(;# ( ��% 6'("6#$% 60#(&*": ( ��% @^ %$0 ( .(0(1 #&#0 &'(& 6$"&(*" )
d#



&'# &05# ;(/5# 7 '$+#;#0 ] $"6# ,$5 �;# 2$"# *& ] ,$50@^ #*&'#0 6$;#0) &'# .(0(1 #&#0 $0 *& 2$#)" �& 7
� �� =  ����� 
^" .59/*6(&*$") ] ,$5 + *// $%&#" &*1 #) )## .3;(/5#) 0#3.$0&#2 () &'# 0#)5 /& $% )$1 # )&(&*)&*6(/ &#)& 7 A .3;(/5#*) &'# .0$9(9*/*&, $% (" #;#"& <$0 )#0*#) $% #;#"&)= &(43*": ./(6# &'(& +$5/2 60#(&# ( )&(&*)&*6 + *&' ( 1$0##-&0#1# ;(/5# � &'(" &'# $"# ,$5 2#0*;#2 ] ())51 *":,$50 1$2#/ 5"2#0 &'# "5// ',.$&'#)*) *) 6$00#6& 7

�#:(02/#)) $% &'# &,. # $% 1$2#/ ,$5 (0# ())513*": 2#)60*9 #) &'# )$506# $% &'# 2(&( 5"2#0 &'# "5//',.$&'#)*) ] ,$5 6(" 60#(&# +'(& (0# 6(//#2 $"#3)*2#2&#)&) 7 � *&' &'#)# &#)&) ] &'#0# (0# &+$ &,.*6(/ ',.$&'#3)#) &'(& . #$. /# 1 (4# (9$5& &'# 1 #(" $% &'# 5"2#0/,3*": 1$2#/ 7 !"# &,.# $% ',.$&'#)*) *) &'(& &'# 1 #("*) /#)) &'(" )$1 # ;(/5# 7 �$0 #-(1./# ] ,$5 1 *:'& .0$3.$)# &'(& &'# 1 #(" *) /#)) &'(" ?#0$ ] $0 'F g � � � 7A /&#0"(&*;#/,] &'# ',.$&'#)*) 1 *:'& 9 # &'(& &'# 1 #("*) :0#(&#0 &'(" ?#0$ ] $0 'F g � � � 7�$0 &'# >0)& &,. # $% $"#3)*2#2 ',.$&'#)*) ] &'# .3;(/5# *) 2#>"#2 () g
.3;(/5# & H 0 <+ � ,$50 )&(&*)&*6=

& � ���	
 �������� � <+ =2+ �
+'#0# � <+ = *) &'# .0$9(9*/*&, 2*)&0*95&*$" ,$5 (0# ()3)51 *": &'# 2(&( 6(1 # %0$1 ] ("2 �1;2 89497897� *) )$1#;(/5# 2#0*;#2 %0$1 ( %5"6&*$" $% &'# 2(&( <%$0 #-(1 3./# ] &'# 1 #(" $% &'# 2(&(= 7 8'*) *) *//5)&0(&#2 *" � *:350# cc 7 b*"6# $50 ',.$&'#)*) *) EF g � � � ] &'# /(0:#0&'# 1 #(" $% &'# 2(&( *) <("2 &'5) ] &'# )1 (//#0 &'#.3;(/5#= ] &'# 1$0# /*4#/, +# + *// 0#� #6& &'# .0$.$)#21$2#/ 78'# )#6$"2 &,.# $% $"#3)*2#2 ',.$&'#)*) ] +'#0# +#(0# &#)&*": &$ )## *% &'# 1 #(" *) :0#(&#0 &'(" )$1#;(/5# ] *) ;#0, )*1 */(0 7 8'# $"/, 2*_#0#"6# *) &'(& +#*"&#:0(&# *" &'# $&'#0 2*0#6&*$" 7 8'(& *) g

.3;(/5# & H 0 <+ � ,$50 )&(&*)&*6=
& � ��	
 ��������

�� � <+ =2+ .
8'*) *) *//5 )&0(&#2 *" � *:50# cc 7^% &'# &,. # $% 1 $2#/ ,$5 (0# ())51 *": 2#)60*9 #)&'# )$506# $% &'# 2(&( *) ),11#&0*6 </*4# &'# 2*)&0*395&*$") *" � *:50#) cc ("2 cc= ,$5 6(" 60#(&# +'(&���m� i� � m klom�ol #m�(o � jl �o��ol #m�(o � jl �j�� � �o� o�� i�kj� ��o nj�o� m�� ��o �)� o jQ �)� j��o�i� )j( mlo �o��i�k � ��o
�o�mi�� jQ �� i� � i�� � o op��mi�o� i� ��o �op� Qo� �mlmklm��� �

-4 -2 0 2 4

Your statistic

p-value is equal to the
shaded area.

� *:50# d 7� 7fg ��o ��#m�(o Qjl m j�o��i�o� ��m�i��iq ��olo �omlo �o��i�k �� �  � � �

-4 -2 0 2 4

Your statistic

p-value is equal to the
shaded area.

� *:50# d 7� 7e g ��o ��#m�(o Qjl m j�o��i�o� ��m�i��iq ��olo �omlo �o��i�k �� �  � � �

d�



-4 -2 0 2 4

+ and - | Your statistic |

p-value is equal to the
shaded areas.

� *:50# d 7� 7d g ��o ��#m�(o Qjl m ��j��i�o� ��m�i��iq ��olo �omlo �o��i�k �� �  � � �

(0# 6(//#2 &+$3)*2#2 &#)&) 7 ^" &'*) 6()# ,$50 &,.*6(/"5// ',.$&'#)*) *) &'(& &'(& &'# 1 #(" *) #`5(/ &$ (6#0&(*" ;(/5# 7 �$0 #-(1./# ] ,$5 1 *:'& .0$.$)# &'#',.$&'#)*) EF g � & � 7 8'5) ] *% &'# 1 #(" $% ,$502(&( *) 156' /(0:#0 $0 156' )1 (//#0 &'(" ?#0$ ] &'#",$5 '(;# :$$2 0#()$" &$ 0#� #6& EF 7 ^" &'*) 6()# ] &'#.3;(/5# *) 2#>"#2 () g
.3;(/5# & H 0 <+ � (,$50 )&(&*)&*6 (=

� H 0 <+ � � (,$50 )&(&*)&*6 (=
& e � H 0 <+ � (,$50 )&(&*)&*6 (=
& e � ����	
 �������� � � <+ =2+ .

8'*) *) *//5 )&0(&#2 *" � *:50# cc 7
!9;*$5)/,] &'# )1 (//#0 &'# .3;(/5# ] &'# /#)) /*4#/,(" #;#"& () 0(0# $0 0(0#0 + *// &(4# ./(6# 7 !%&#" &*1 #)&'# 1$2#/ .0$.$)#2 9, &'# "5// ',.$&'#)*) ] 'F ] *)0#� #6&#2 *% &'# .3;(/5# *) /#)) &'(" � .�� 7 8'(& *) &$)(,] *& *) ())51 #2 &'(& &'# .0$.$)#2 1$2#/ 2$#) "$&#-./(*" &'# 2(&( *% &'# .3;(/5# *) /#)) &'(" � .�� 7

� �� � �~��� tv s���wt�
a)&*1 (&#) $% .(0(1 #&#0) 6(" 9# 9()#2 5.$" 2*_#0#"&(1$5"&) $% *"%$01(&*$" 7 8'# "519#0 $% *"2#.#"2#"&.*#6#) $% *"%$01 (&*$" &'(& :$ *"&$ &'# #)&*1 (&# $% (.(0(1#&#0 *) 6(//#2 &'# 2#:0##) $% %0##2$1 <2% = 7 ^":#"#0(/ ] &'# 2#:0##) $% %0##2$1 $% (" #)&*1 (&# *) #`5(/&$ &'# "519#0 $% *"2#. #"2#"& ;(/5#) &'(& :$ *"&$ &'##)&*1 (&# 1 *"5) &'# "519#0 $% .(0(1 #&#0) #)&*1 (&#2

() *"&#01 #2*(&# )&#.) *" &'# #)&*1 (&*$" $% &'# .(0(1 3#&#0 *&)#/% 7�$0 #-(1./# ] %$0 ( 0("2$1 )(1./# $% - *"2#.#"2#"&2(&( .$*"&) ] *% &'# )(1./# 1#(" ] � *) #)&*1 (&#2 5)3*": &'# )&("2(02 %$015/( f�- * +, ] &'#" &'# 2#:0##)$% %0##2$1 %$0 � *) - 7 8'*) *) 9 #6(5)# � 5)#) (//$% &'# *"2#. #"2#"& ;(/5#) %0$1 &'# )(1./# ("2 2$#)"$& 0#/, $" (", $&'#0 .(0(1 #&#0 #)&*1 (&#) *" *&) 6(/365/(&*$" 7 '$+#;#0 ] *% &'# ;(0*("6# ] �� ] *) #)&*1 (&#25)*": &'# )&("2(02 %$015/( f� <� � f= * <+, � � = ]&'#" &'# 2#:0##) $% %0##2$1 *) #`5(/ &$ &'# "519#0 $%*"2#.#"2#"& ;(/5#) <- = 1 *"5) &'# "519#0 $% .(0(1 3#&#0) #)&*1 (&#2 () *"&#01 #2*(&# )&#.) <$"# ] � = ("2 *)&'#0#%$0# #`5(/ &$ � 3 f 7

� �� �|� y����� 	ttw��  tv s ��
}� �

^" &'# )&52, $% :#"#&*6) $"# %0#`5#"&/, 05") *"&$ )*&35(&*$") &'(& (0# 0#)$/;#2 5)*": +'(& *) 6(//#2 ( @'*3b`5(0# �$$2"#)) $% � *& 8#)& 7 8'*) *) ( &#)& &'(& *).(0&*65/(0/, (2#.& (& 2#&#01 *"*": '$+ +#// ( 1$2#/>&) $9)#0;#2 2(&( 7 ^& (//$+ ) 5) &$ #;(/5(&# '$+

6/$)#" &'# $9)#0;#2 ;(/5#) (0# &$ &'$)# +'*6' +$5/29# #-.#6&#2 :*;#" &'# 1$2#/ *" `5#)&*$" 7 '#0# *)( 90*#% #-./("(&*$" $% '$+ ("2 +', &'# @'*3b`5(0#
�$$2"#)) $% � *& 8#)& *) #_#6&*;# *" &'#)# )*&5(&*$") 7�
^" :#"#0(/ ] &'# 6' *3)`5(0# &#)& )&(&*)&*6 '() &'#%$01 g

� � & � <$9)#0;#2 � #-.#6&#2=�
#-.#6&#2 � <d 7� 7f=

("2 *% � � *) /(0:# ] &'(" &'# 1$2#/ *) ( .$$0 >& &$ &'#2(&( 7 �#%$0# +# :#& *"&$ &'# 2#&(*/) $% &'# &'#$0,9#' *"2 &'*) )&(&*)&*6 ] /#& �) 9 #:*" + *&' ( )'$0& #-(1./#$% '$+ *& *) 5)#2 7
������ � � �� �� �� ��!� �"!#c$
^1 (:*"# &0,*": &$ 2#&#01 *"# *% ( 6$*" *) %(*0 $0 "$& 7^% &'# 6$*" *) %(*0 ] &'(" &'# .0$9(9*/*&, $% :#&&*":'#(2) *) � � & � .� ("2 &'# .0$9(9*/*&, $% :#&&*": &(*/)*) � � & � .� ] $&'#0 + *)# � � �& � .� ("2 � � �& � .� 7 ^& *) *1 3.$0&("& &$ "$&# &'(& )*"6# &'# 6$*" '() $"/, &+$ )*2#) ]

� � & f � � � 7 � '*/# &'*) #`5(/*&, 1 (, )##1 $9;*$5) ] *&+ *// 9 # 5)#%5/ +'#" +# (0# 2#&#01 *"*": &'# 2#:0##) $%%0##2$1 %$0 $50 &#)& 7 ^% +# &$))#2 &'# 6$*" f�� &*1 #) ]
%h �j� jQ ��o n m�olim� i� �� i� �oq� ij� �m� ��mkimli�o�

Qljn ��o �o� �mko � ���� ������ ���m� �)m�o �o�(��j(l�o��&�������&� &�q� ikQ ���n � m(��jl (�	�j�� �
d�



+# +$5/2 #-.#6& &$ :#& '#(2) f�� � � .� & �� &*1 #) 7�# 4"$+ ] '$+#;#0 ] &'(& #;#" &'$5:' &'# .0$9(9*/3*&, $% :#&&*": '#(2) *) � .� ] &'#0# *) ( 6'("6# &'(& +#1 *:'& :#& ( %#+ 1$0# $0 ( %#+ /#)) &'(" �� '#(2)*" f�� &$))#) 7 8'# `5#)&*$" *) ] '$+ 156' ;(0*(&*$"*" &'# "519#0 $% '#(2) + *// +# (//$+ 9#%$0# +# (0#6$">2#"& *" 0#� #6&*": &'# ',.$&'#)*) &'(& � & � .��8'*) *) +'#0# &'# @'*3b`5(0# �$$2"#)) $% � *& 6$1 #)*" '("2,7
^" $02#0 &$ &#)& &'# ',.$&'#)*) &'(& &'# 6$*" *) %(*0 ],$5 &$)) &'# 6$*" f�� &*1 #) ("2 $9)#0;# &'(& *& /("2#2$" '#(2) d� &*1 #) 7 �0$1 &'*) 2(&( (/$"# ] +# (0# (9/#&$ 2#&#01 *"# &'(& &'# 6$*" 15)& '(;# /("2#2 $" &(*/)

#e &*1 #) ("2 +# "$&# &'*) *" 8(9/# cc 7
!9)#0;#2 a-.#6&#2' #(2) d� ��8(*/) #e ��

8(9/# d 7� 7f g �$&' $9)#0;#2 ("2 #-.#6&#2 0#)5/&) $%f�� 6$*" &$))#) 7
� *&' &'*) 2(&( *" $50 '("2) ] +# 6(" 6$1.5&# ( � �&#)& )&(&*)&*6 ("2 5)# *& &$ 2#&#01 *"# &'# %(*0"#)) $%&'# 6$*" 7 8'(& *) ]

� � & <d� � ��=�
�� � <#e � ��=�

��
& f..

�� � f..
��

& � .�# .
�# 6(" "$+ )## +'#0# &'*) ;(/5#) /*#) *" ( � � 2*)&0*395&*$" 7 ^% *& *) *" &'# &(*/ $% &'# 2*)&0*95&*$" ] &'#" &'#.0$9(9*/*&, $% :#&&*": d� '#(2) 5)*": ( %(*0 6$*" +$5/2(..#(0 &$ 9# ( ;#0, 0(0# #;#"& 7 ^% *& *) *" &'# 1 *22/#$% &'# 2*)&0*95&*$" ] &'#" *& 1 *:'& 9 # `5*&# 6$11$"&$ $9&(*" d� '#(2) *" f�� &$))#) %0$1 ( %(*0 6$*" 7
^" $02#0 &$ #-(1 *"# $50 ;(/5# *" &'# 6$"&#-& $%( � � 2*)&0*95&*$" +# 15)& ).#6*%, +'*6' $"# 9, 2#3&#01 *"*": *&) 2#:0##) $% %0##2$1 7 �# 6(/65/(&# &'#&$&(/ 2#:0##) $% %0##2$1 9, /$$4*": (& &'# &$&(/ "51 39#0 $% .(0(1 #&#0) *" $50 1$2#/ ] e <� � ("2 � � = ] ("2)59&0(6&*": f 9#6(5)# � � *) "$& *"2#. #"2#"& %0$1 � �)*"6# � � & f � � � 7 8'5) ] +# 15)& )## '$+ 156' (0#(*) 5"2#0 &'# 650;# $% ( � �� 2*)&0*95&*$" <&'# )59)60*.&f *"2*6(&#) &'# 2#:0##) $% %0##2$1 = %0$1 � 7�� &$ � 7�# 6(" 2$ &' *) #()*/, 5)*": !6&(;# g

�\N[�D �JF J V \C HB��[GD�\�O UR K�	 
 JX[� B � I KI J	WR

0 1 2 3 4 5 6 7 8
0

0.5

1

1.5

5.76

area under curve form 5.76 on up is 0.016395
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area under curve form 0.086 on up is 0.77
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